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Abstract
In this dissertation, we explore two alternatives to quantum nonlocality in a single-universe
framework: superdeterminism and retrocausality. These models circumvent Bell’s theorem by violating the assumption that the hidden variables are uncorrelated with the measurement settings.

In Chapter 1, we introduce superdeterminism and prepare the groundwork for our results in
Chapter 2. We start from a review of the topic, focussing on the various qualitative criticisms raised
against superdeterminism in the literature. We identify the criticism of ‘superdeterministic conspiracy’ by Bell as the most serious, and introduce nonequilibrium extensions of superdeterministic
models in an attempt to formalise the criticism. We study the different properties of these models,
and isolate two conspiratorial features. First, the measurement statistics depend on the physical
system used to determine the measurement settings. Second, the formal no-signalling constraints
are violated although there is no causal connection between the wings.

We quantify in Chapter 2 the two conspiratorial features that we found in Chapter 1. We
consider a Bell scenario where, in each run and at each wing, the experimenter chooses one of N
devices to determine the local measurement setting. We then show that a superdeterministic model
of the scenario has to finely tuned such that measurement statistics do not depend on the physical
system used to determine the measurement settings. This quantifies the first form of conspiracy
identified in Chapter 1 as a fine tuning. We also show that a superdeterministic model of the scenario requires arbitrarily large correlations, quantified in terms of a formal entropy drop and in
terms of mutual information, to be set up by the initial conditions. Such correlations are required
to ensure that the devices that the hidden variables are correlated with are coincidentally the same
as the devices in fact used for every run at each wing. This quantifies the second form of conspiracy
ii

identified in Chapter 2 as an arbitrary large correlation. Nonlocal and retrocausal models turn out
to be non-conspiratorial according to both approaches, thereby singling out ‘conspiracy’ as a unique,
problematic feature of superdeterminism.

In Chapter 3, we change tracks to focus on retrocausality. Our results regarding retrocausal
models are, in contrast to superdeterminism, positive. We first show how to construct a local,
ψ-epistemic hidden-variable model of Bell correlations with wavefunctions in physical space by a
retrocausal adaptation of the originally superdeterministic model given by Brans. We show that, in
non-equilibrium, the model generally violates no-signalling constraints while remaining local with
respect to both ontology and interaction between particles. Lastly, we argue that our model shares
some structural similarities with the modal class of interpretations of quantum mechanics.

In Chapter 4, focus on the question whether retrocausal models can utilise their relativistic properties to account for relativistic effects on entangled systems. We consider a hypothetical
relativistic Bell experiment, where one of the wings experiences time-dilation effects. We show that
the retrocausal Brans model, introduced in Chapter 3, can be easily generalised to analyse this
experiment, and that it predicts less separation of eigenpackets in the wing experiencing the timedilation. This causes the particle distribution patterns on the photographic plates to differ between
the wings – an experimentally testable prediction of the model. We discuss the difficulties faced by
other hidden variable models in describing this experiment, and their natural resolution in our model
due to its relativistic properties. Lastly, we argue that it is not clear at present, due to technical
difficulties, if our prediction is reproduced by quantum field theory. We conclude that if it is, then
the retrocausal Brans model predicts the same result with great simplicity in comparison. If not,
the model can be experimentally tested.
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Chapter 1

Introduction and Summary
In this Chapter, we give an introduction and overview of the technical work done in a
manner that the central ideas can be understood by the non-specialist in quantum foundations.

1.1

Short history of quantum foundations
Numerous books and articles have popularised the ‘strange mysteries of the quantum won-

derland’ where objects exist in two places at once, cats are both dead and alive, consciousness affects
matter, and spooky nonlocality upsets Einstein. A physicist using quantum mechanics can sometimes appear like a child playing on a tablet. Both know how to operate, both do not know ‘what
lies inside’. There is one curious difference between them though: unlike most children who cannot
help wondering, most physicists have shut their minds off towards understanding the theory better.

There are several reasons for this attitude among the majority of physicists [2]. Some of the
founding fathers of the theory – Heisenberg, Bohr, Pauli, Born and to an extent, Dirac – told us that
there is nothing to worry about. Broadly, two reasons were offered. First, that such foundational
issues arise only when the theory is interpreted with the baggage of classical prejudices like determinism, causality, space-time description etcetera. Any foundational questioning then serves only to
reveal that the questioner has failed to understand the theory on its own terms. Second, that there
is nothing to understand in the first place: the aim of physics is to describe our observations, not to
understand how the world really is. Any discussion over the interpretation can, then, only be over
1

the choice of dress one wants to put over the skeleton of orthodox quantum mechanics. There is
one another reason, a practical one. Research in the foundations of quantum mechanics is severely
discouraged around the world – in classrooms at universities and institutes, in the editorial boards
of scientific journals, and in grant-funding agencies [2].

On the other hand, the other founding fathers of theory – Einstein, de Broglie and Schroedinger
– told us that there is something to be worried about deeply. Einstein, over the years, sharpened
his criticism to the intertwined issues about nonlocality and the completeness of the theory [3]. de
Broglie gave us the pilot-wave theory that, when updated with Bohm’s work on modelling measurements in the theory, at once demolishes all objections that the vagueness of orthodox quantum
mechanics is necessitated by empirical facts [4]. Schroedinger isolated entanglement as a key mystery
of the theory, and showed that this cannot be tucked away neatly in the microscopic world [2]. All
of them were labelled as ‘heretics’ by the majority of physicists and largely ignored.

Their insights were, however, taken up and developed forcefully by a new generation of
heretics, comprising a small, scattered bunch of physicists, philosophers of physics and mathematicians. In the 50’s, Bohm broke the impasse by rediscovering de Broglie’s pilot-wave theory and
showing how to resolve the infamous measurement problem by applying it to both the quantum
system and the measuring apparatus [5, 6]. He also clearly pointed out the nonlocality of the theory.
A few years later, Everett gave a highly original interpretation of the quantum formalism in terms
of multiple universes [2]. Crucially, his interpretation avoids having to introduce a ‘Heisenberg cut’
between quantum systems and classical apparatuses. In the 60’s, Bell provided a way to pit Einstein
versus Bohr in the laboratory [7]. This directly contradicted the prevailing view that issues in foundations have no experimental implications. In the same decade, Kochen and Specker showed that
measurements in quantum mechanics cannot be interpreted as revealing prior existing values [8].
Both Bell and Kochen-Specker published their results in the form of simple no-go theorems. Their
success would highly influence the way research is conducted in the field - a brief glance at the literature shows how much foundational thinking is couched in the form of no-go theorems. In the 70’s,
Zeh showed how decoherence can lead to the appearance of collapse [2]. In the same decade, Pearle
showed how collapse can objectively occur by adding nonlinear corrections terms to the Schrodinger
equation [2]. Both the decoherence program and the objective collapse program have been developed
2

over the ensuing decades. In the 90’s, Valentini further advanced the pilot-wave theory by showing
how orthodox quantum mechanics emerges as an equilibrium state within the theory [9]. He further
showed that the theory allows nonlocal signalling for systems that are in nonequilibrium [10, 11].
Also in the 90’s, Hardy [12, 13, 14] proved a string of important no-go theorems and Price [15]
published an influential book motivating retrocausal approaches from time-symmetry arguments.
Lastly, the trio of Pusey, Barrett and Rudolf in the previous decade proved another game-changing
no-go theorem about the nature of quantum state [16], building on previous work by Harrigan and
Spekkens [17], and Montina [18]. The result was a crowning achievement of the group of researchers
working in the intersection of quantum information and foundations.1

In the past few decades, interest in the foundational issues of quantum mechanics have
been driven by several new developments. Firstly, the rise of quantum information has shown that
foundational thinking can lead to practical applications. For example, Bell’s theorem has been shown
to have important applications in quantum computation and cryptography [19], whereas Deutsch’s
efforts in the many worlds interpretation led to the first quantum computing algorithm. Secondly,
orthodox quantum mechanics cannot be applied to the entire universe as there is no external system
by definition that can cause collapse – this leads to problems in quantum cosmology. Thirdly, even
after a lot of effort over several decades, there has yet been no successful theory of quantum gravity.
This has led several scientists to look back at foundational issues to resolve the stalemate.

1.2

Short history of the measurement-independence assumption
In the previous section, we recounted some of the major developments in the field of quan-

tum foundations. In nearly all these results, it is assumed that the hidden variables that determine
the measurement outcomes are uncorrelated with the measurement settings. Violate this one assumption and one can circumvent more than half a century of results. Yet, up till the last decade,
this assumption was frequently overlooked in the literature. In fact, the assumption received its
present name – measurement independence – only in 2010.
1 This is not, obviously, a comprehensive account of all the important theoretical developments in the field. The
paragraph only paints a wide stroke to give the non-specialist reader a brief overview of the progress in the field. For
a more comprehensive summary, see

3

The assumption was first made in a foundational argument in 1935, when the EPR paper
assumed that the experimenters are free to perform any measurement they like [20]. In that form
it was carried into Bell’s extension of the EPR argument into the eponymous theorem [7]. The assumption is also present in the Kochen-Specker theorem [8], and in most non-standard formulations
of quantum mechanics mentioned in the previous section – pilot-wave theory, many worlds interpretations and objective-collapse models. Even recently, the ontological models framework developed
in the late 2000’s has the assumption built into it [17].

Why has this assumption been so ignored for so long by the foundations community? One
reason is that the assumption appears to be based on empirical evidence. If there is indeed a correlation between the hidden variables and the measurement settings, and these correlations arise from
the past, then it appears to imply that our measurement choices are not free. This directly contradicts our intuitive sense of free will. However, free will is a very problematic notion that has been
debated for millenias in western philosophy. In fact, there exist philosophical systems that reject the
notion of free will. For example, nearly all the Indian philosophical systems like Buddhism, Jainism
and the different sects of Hinduism reject free will [21]. On the other hand, if the correlations are
thought to arise from the future, then it appears that our choices causally affect the past. This
is, again, something that directly contradicts our experience. However, there are arguments from
time-symmetry that perhaps our intuitions, based on the thermodynamic gradient, are inapplicable
at the fundamental level of description [15].

The first person to take violating the assumption seriously was de Beauregard who, in the
1930’s, suggested a retrocausal account of quantum entanglement where the experimenters’ measurement choices causally affect the preparation event backwards in time. His advisor, de Broglie,
however forbade him from publishing this work at that time, so that they were eventually published
in the 50’s [22]. In the 70’s, Bell had an exchange with Shimony, Horne and Clauser over the assumption in his theorem [23]. He concluded that, although his theorem could be circumvented by
violating this assumption, the resulting theory would be ‘conspiratorial’. He was divided, however,
about what is worse: conspiracy or nonlocality?
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It took some time for the community to realise that Bureaugrad’s proposal was physically
different from what Bell had in mind, although both led to violation of measurement independence.
Bell never considered causal influences from the future, he considered only correlations arranged by
past initial conditions [24]. In the 80’s, both the ideas were further developed. On the one hand,
Cramer developed the transactional interpretation of quantum mechanics, which featured backwards
causation in time [25]. It interpreted the Born rule ψψ ∗ to be the consequence of a ‘transaction’
between the ψ wave propagating forwards in time and ψ ∗ propagating backwards in time. On the
other hand, Brans used superdeterminism to explicitly build a local hidden-variable model of Bell
correlations [26]. This paper would remain the only explicit superdeterministic model for next several decades, only to reemerge and provide an important impulse for the next stage of development
[27, 28, 29, 30]. The next major development was in the 90’s, when Price published a book advocating a retrocausal approach from a philosophical perspective [15].

In the last two decades, the pace finally caught on and there has been significant work on
the assumption from a foundational perspective. First, Hall showed that measurement dependence
is a very efficient resource to reproduce the Bell correlations locally [27]. He also analysed exactly
how much measurement dependence is required to circumvent numerous no-go theorems in quantum foundations [31]. Second, Hooft revived the superdeterminism program in which the past initial
conditions force a violation of the assumption [32]. Third, Wharton and Price combined forces to
further develop retrocausal approaches, both philosophically and mathematically [22, 33]. It seems
fair to say that the assumption has finally come out of shadows in the recent past. If any of the
hidden-variable theories that violate this assumption is promising, it is likely that it will not be
ignored as in the past.

We now shift from the historical perspective to conceptual discussion. As of yet, there
are two physical interpretations of violating the measurement-independent assumption: superdeterminism and retrocausality. We first introduce the concept of quantum nonequilibrium and then
summarise the work presented in later chapters in an intuitive manner.
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1.3

Quantum nonequilibrium
A scientific theory has two logically separate components: the initial or boundary con-

ditions (which are contingent) and the laws (which are immutable). Delineating these two in a
hidden-variables model naturally leads to the concept of nonequilibrium, as follows. Consider a
hidden-variables model of a single quantum system (which may be composed of several quantum
particles) as opposed to an ensemble of quantum systems. The model will attribute an initial λ to
the system. The initial λ is a contingent feature of the model, as it is an initial condition. On the
other hand, the mapping from λ to the measurement outcomes (given the measurement settings) is
a law-like feature of the model. Now consider a hidden-variables model of an ensemble of quantum
systems. The model will attribute a hidden-variables distribution to the ensemble. As the initial λ
is contingent for each system, it follows that the initial hidden-variables distribution is contingent
for the ensemble. A particular distribution (the ‘equilibrium’ distribution) reproduces the quantum
predictions, but the model inherently contains the possibility of other ‘nonequilibrium’ distributions.

The concept of quantum nonequilibrium was first proposed in the context of pilot-wave
theory and used to study the issue of signal locality [9, 10]. However, the concept itself does not
depend on the details of any particular theory or on the particular issue being addressed. Subsequent
study of nonequilibrium for general nonlocal models showed that the usual explanation of signal
locality involves fine tuning of the intial distribution [1]. Note that the same conclusion was arrived
at later by other workers applying causal discovery algorithms to Bell correlations [34]. In this
dissertation, we apply the concept of quantum nonequilibrium for the first time to superdeterministic
and retrocausal models.

1.4

Superdeterminism
We define a superdeterministic model as one having the following two properties:

1. Determinism: Every event in the universe is determined given past conditions. In the present
context, the specific implication is that the choices of measurement settings made by the experimenters are also determined given the initial conditions. Note that this is just a consequence of
applying determinism to the entire universe.
2. Measurement dependence: The hidden variables λ are statistically correlated with the measure6

ment settings M in general. In addition, it is usually assumed that this correlation is such that the
Bell correlations are reproduced.

The first property, determinism, implies that the second property, measurement dependence,
must be encoded in the past conditions. The past conditions must posit an appropriate correlation
between λ and the mechanism that determines the measurement settings so that λ and the measurement settings are correlated. For example, the measurement settings might be determined by
the wavelength of photons emitted by a distant quasar. Then, the photon emission process at the
quasar, and thereby the wavelength of the photons emitted, has to be correlated with λ for there
to be a correlation between λ and the measurement settings. This correlation is posited to be a
consequence of the initial conditions of the universe, which determines both the wavelength of the
photons and the λ’s.

Superdeterministic models circumvent Bell’s theorem and reproduce the Bell correlations
in a local manner. However, these models have been widely criticised in the literature [23, 33, 35].
These criticisms can be broadly divided into two arguments. The first argument, which is directed
against determinism, is that they conflict with our apparent sensation of ‘free-will’, since the experimenters’ choices of measurement settings are completely determined from past conditions in these
models. This criticism is based on the common misconception that human volition (or ‘free-will’)
can be explained by indeterminism. But in fact indeterminism arguably makes ‘free-will’ even harder
to explain, since the choices an experimenter makes would then have no cause at all. If an agent
makes a choice for no reason, then the agent should be surprised by the choice - since nothing in
the past, not even the agent’s own thoughts and feelings, can explain it [36]. Such misconceptions
about ‘free-will’ are also arguably undermined by recent advances in neuroscience, which appear to
demonstrate that a human subject’s choice is encoded in his brain activity up to 10 s before the
choice enters the subject’s conscious awareness [37].

The second argument is that superdeterministic models are ‘conspiratorial’. The charge of
conspiracy against such models was made by Bell, who wrote [38]
“Now even if we have arranged that [the measurement settings] a and b are generated by
apparently random radioactive devices, housed in separate boxes and thickly shielded,
7

or by Swiss national lottery machines, or by elaborate computer programmes, or by
apparently free willed experimental physicists, or by some combination of all of these,
we cannot be sure that a and b are not significantly influenced by the same factors λ
that influence [the measurement results] A and B. But this way of arranging quantum
mechanical correlations would be even more mind boggling than one in which causal
chains go faster than light. Apparently separate parts of the world would be deeply and
conspiratorially entangled...”
In this dissertation, we further develop the conspiracy argument by making it mathematically concrete. In Chapter 1, we lay the groundwork by a study of the properties of superdeterministic
models in ‘nonequilibrium’. This provides us with two leads. First, we show that different setting
mechanisms in general lead to different measurement statistics in nonequilibrium. This implies that
the model must be fine-tuned so that such effects do not appear in practice. Second, we show that, in
nonequilibrium, correlations can conspire to resemble a physical signal. Chapter 1 also discusses the
issue that the formal no-signalling constraints fail to capture the intuitive idea of signalling for superdeterministic models. The violation of these constraints implies only a statistical correlation (due
to initial conditions) between the local marginals and the distant settings. Therefore, we suggest
that the so-called no-signalling constraints may be more appropriately called marginal-independence
constraints, and conclude that there is only an apparent-signal in superdeterministic models when
these constraints are violated.

In Chapter 2, we further develop these ideas mathematically to give two separate ways
to quantify the conspiratorial character of superdeterministic models. The first approach utilises
the idea that different setting mechanisms lead to different measurement statistics in general for a
nonequilibrium superdeterministic model. We show that superdeterministic models must be finetuned so that the measurement statistics depend on the measurement settings, but not on how these
settings are chosen. No features of quantum statistics are required to derive this result. Further,
we quantify the fine tuning by defining an overhead fine-tuning parameter F . The parameter F
quantifies how special the hidden-variables distribution has to be so that the measurement statistics
depend only on the measurement settings. Clearly, the notion of ‘special’ is meaningful only when
there are multiple possible distributions, that is, if nonequilibrium is allowed (at least in principle).
We also provide a second way to quantify the conspiracy, which does not use nonequilibrium dis8

tributions. The second approach uses another idea from Chapter 1 that the violation of marginal
independence (formal no-signalling) in superdeterministic models in nonequilibrium does not imply
actual signalling. This leads to the intuitively conspiratorial situation where two experimenters can
use marginal dependence as a practical signalling procedure without actually sending signals. In
this case, the entire sequence of messages exchanged between the experimenters is interpreted as a
statistical coincidence. Analogous to this, for a superdeterministic model of our scenario restricted
to equilibrium, there occurs a one-to-one correspondence between the experimenters’ choice of setting mechanisms and the sub-ensemble values for all runs. But this correspondence is, again, only
a sequence of statistical coincidences. This appears conspiratorial as it shows that the initial conditions in superdeterministic models of our scenario need to arrange extremely strong correlations. We
quantify the correlation as a formal entropy drop ∆S defined at the hidden-variables level. Lastly,
we note that nonlocal and retrocausal models of our scenario turn out to be non-conspiratorial by
definition according to either approach.

1.5

Retrocausality
Retrocausal models posit that the measurement settings act as a cause (in the future) to

affect the hidden-variable distribution during preparation (in the past). This is highly counterintuitive to our sense of causality and time, but its proponents [25, 15, 39] claim it is our latter notions
that are suspect at the microscopic level. Mathematically, retrocausality consists of a functional
dependence of past events on future events. Philosophically, retrocausal models define the notion of
causation using interventionism.

In Chapter 3 we present a local retrocausal model of Bell correlations, adapting a model
given by Brans [26] in the 80’s, who presented it as an example to argue in favour of superdeterminism. In our model, for a pair of particles the joint quantum state as determined by preparation
is statistical in nature. The model also assigns to the pair of particles a factorisable joint quantum
state which is different from the prepared quantum state and has an ontic status. Both evolve
via the Schroedinger equation. The model also assigns particle positions at all times, which evolve
via a guidance equation with the ontic quantum state acting as a local pilot wave. Our model
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exactly reproduces the Bell correlations for any pair of measurement settings. We also consider
‘non-equilibrium’ extensions of the model with an arbitrary distribution of hidden variables. We
show that, in non-equilibrium, the model generally violates no-signalling constraints while remaining local with respect to both ontology and interaction between particles.

In Chapter 4, we address the question whether retrocausal models can utilise their relativistic properties. We answer the question in affirmative for a particular scenario involving the
relativistic effect of time-dilation on a Bell experiment. We show that the model present in Chapter
3 can be easily generalised to describe this scenario, and that it predicts an experimentally testable
consequence of the time-dilation effect on the system. We also discuss the difficulties faced by other
hidden variable models in describing this experiment, and their natural resolution in our model due
to its relativistic properties. Lastly, we argue that a description of this experiment in quantum field
theory is a technically intractable task at present.
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Chapter 2

Superdeterministic
hidden-variables models I:
non-equilibrium and signalling
Adapted from I. Sen and A. Valentini. Superdeterministic hidden-variables models I: nonequilibrium and signalling. Proc. Roy. Soc. A, 476: 20200212, 2020.

Abstract
This is the first of two papers which attempt to comprehensively analyse superdeterministic
hidden-variables models of Bell correlations. We first give an overview of superdeterminism and
discuss various criticisms of it raised in the literature. We argue that the most common criticism,
the violation of ‘free-will’, is incorrect. We take up Bell’s intuitive criticism that these models are
‘conspiratorial’. To develop this further, we introduce nonequilibrium extensions of superdeterministic models. We show that the measurement statistics of these extended models depend on the
physical system used to determine the measurement settings. This suggests a fine-tuning in order to
eliminate this dependence from experimental observation. We also study the signalling properties of
these extended models. We show that although they generally violate the formal no-signalling constraints, this violation cannot be equated to an actual signal. We therefore suggest that the so-called
11

no-signalling constraints be more appropriately named the marginal-independence constraints. We
discuss the mechanism by which marginal-independence is violated in superdeterministic models.
Lastly, we consider a hypothetical scenario where two experimenters use the apparent-signalling of
a superdeterministic model to communicate with each other. This scenario suggests another conspiratorial feature peculiar to superdeterminism. These suggestions are quantitatively developed in
the second paper.

2.1

Introduction
Orthodox quantum mechanics abandons realism in the microscopic world for an operational-

ist account consisting of macroscopic preparations and measurements performed by experimenters.
This abandonment has led to several difficulties about the interpretation of quantum mechanics
[7, 40]. Contrary to the expectations of many of the early practitioners of the theory, these difficulties have only grown more acute with time, as quantum mechanics has come to be applied to newer
fields like cosmology and quantum gravity. One option to resolve these long-standing difficulties is
to restore realism in the microscopic world. This restoration is the goal of hidden-variables reformulations of quantum mechanics. The general form of such a reformulation can be illustrated quite
simply. Consider a quantum experiment where the system is prepared in a quantum state ψ and a
measurement M (defined by a Hermitian operator) is subsequently performed upon it. Orthodox
quantum mechanics predicts, for an ensemble, an outcome probability p(k|ψ, M ) for obtaining the
k th outcome. This outcome probability can be expanded, using the standard rules of probability
theory, as
Z
p(k|ψ, M ) =

dλp(k|ψ, M, λ)ρ(λ|ψ, M )

(2.1)

in terms of λ which label the hidden-variables currently inaccessible to the experimenters. A hiddenvariables model of this experiment must define, first, the hidden-variables λ, second, the distribution
ρ(λ|ψ, M ) of λ’s over the ensemble, and third, the distribution p(k|ψ, M, λ) of outcomes given a particular λ. Note that, in general, equation (2.1) involves a correlation between λ and the future
measurement setting M .
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On the other hand, one of the most important results in the interpretation of quantum mechanics, Bell’s theorem [7], assumes there to be no correlation between the hidden variables and the
measurement settings. Without this assumption, called ‘measurement-independence’ [27, 41, 28, 42]
in recent literature, local hidden-variables models of quantum mechanics cannot be ruled out via
Bell’s theorem. The subject of this paper, and a subsequent one denoted by B [43], is superdeterminism. Superdeterministic models (for examples, see refs. [26, 44, 45]) circumvent Bell’s theorem
by violating the measurement-independence assumption.

We define a superdeterministic model as one having the following two properties:
1. Determinism: Every event in the universe is determined given past conditions. In the present
context, the specific implication is that the choices of measurement settings made by the experimenters are also determined given the initial conditions. Note that this is just a consequence of
applying determinism to the entire universe.
2. Measurement dependence: The hidden variables λ are statistically correlated with the measurement settings M in general. In addition, it is usually assumed that this correlation is such that the
Bell correlations are reproduced.

The first property, determinism, implies that the second property, measurement dependence,
must be encoded in the past conditions. The past conditions must posit an appropriate correlation
between λ and the mechanism that determines the measurement settings so that λ and the measurement settings are correlated. For example, the measurement settings might be determined by
the wavelength of photons emitted by a distant quasar. Then, the photon emission process at the
quasar, and thereby the wavelength of the photons emitted, has to be correlated with λ for there
to be a correlation between λ and the measurement settings. This correlation is posited to be a
consequence of the initial conditions of the universe, which determines both the wavelength of the
photons and the λ’s. Some authors have taken the defining feature of superdeterminism to be a
correlation between λ and the factors that determine the measurement settings (without assuming
determinism) [34].

Both the properties are independent of each other. For example, pilot-wave theory [5, 6, 4]
is deterministic but not measurement dependent in general. Both the setting mechanism and the
13

quantum system can be deterministically described by the pilot-wave theory. But if the setting
mechanism and the quantum system are not entangled, the measurement settings and the hidden
variables that determine the measurement outcomes will not be correlated. On the other hand,
retrocausal hidden-variable models [46, 25, 15, 47, 48, 29, 30, 49] are measurement dependent but
not deterministic. These models posit that events are not fully determined by past conditions alone,
but that a full determination requires the specification of future boundary conditions as well. The
future conditions, in these models, encode the measurement settings. The hidden-variables distribution is then said to be, in some sense, causally affected by the measurement settings backwards in
time. As these models are not deterministic (given the past conditions alone), they are not superdeterministic. As of yet, hidden-variables models which violate measurement-independence are either
superdeterministic or retrocausal. In this paper, we exclusively focus on superdeterministic models.

It is useful to distinguish between two types of superdeterministic models, which we may
call type I and type II. In a type I model, the correlation between λ and the setting mechanism can
be explained in terms of either past common causes or causal influences between them. In a type II
model, the correlation is explained as a direct consequence of the initial conditions of the universe. In
this case, events having no common past can also be correlated given appropriate initial conditions1
(see Fig. 1). To illustrate the difference between the two types, consider the recent experiment [54]
where photons from 7.78 billion years ago were used to choose the measurement settings for a Bell
experiment. Consider the events corresponding to the photon emission and the experiment. The
overlap in the past lightcones of these events comprised ∼ 4% of the total space-time volume of
the past lightcone of the experiment. In a type I model of the experiment, the correlation between
the hidden variables and the measurement settings originates exclusively from this tiny space-time
volume of the common past. In a type II model however, the correlation arises from the initial
conditions of the entire universe at the time of the big bang. Therefore, the experiment does not
significantly constrain type II superdeterministic models.

Superdeterministic models circumvent Bell’s theorem and reproduce the Bell correlations
in a local manner. However, these models have been widely criticised in the literature [23, 33, 35].
1 In some type II models the initial conditions can be subject to important constraints. Such a model has, for
example, been proposed by Palmer [50, 51, 52, 45]. See ref. [53] for a detailed development and analysis of Palmer’s
proposal as a hidden-variables model.
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Figure 2.1: The two classes of superdeterministic models. The time is mapped on the y-axis and
the distance on the x-axis. The big bang singularity is mapped onto the t = 0 surface. Part a) of
the figure depicts a type I model, where the correlation between two events A and B is either due to
common causes in their common past (shaded in blue) or due to a causal connection from A to B
(if B lies within the forward lightcone of A). Part b) of the figure depicts a type II model, where two
events A and B are correlated due to the initial conditions at t = 0, without any need for common
causes or causal connections between them. The information about the initial conditions has been
divided into the past exclusive to A (shaded in red), and the past exclusive to B (shaded in blue).
In a type II model, the information shaded in blue is correlated with the information shaded in red
such that the events A and B are correlated.
These criticisms can be broadly divided into two arguments. The first argument, which is directed
against determinism, is that they conflict with our apparent sensation of ‘free-will’, since the experimenters’ choices of measurement settings are completely determined from past conditions in these
models. This criticism is based on the common misconception that human volition (or ‘free-will’)
can be explained by indeterminism. But in fact indeterminism arguably makes ‘free-will’ even harder
to explain, since the choices an experimenter makes would then have no cause at all. If an agent
makes a choice for no reason, then the agent should be surprised by the choice - since nothing in
the past, not even the agent’s own thoughts and feelings, can explain it [36]. Such misconceptions
about ‘free-will’ are also arguably undermined by recent advances in neuroscience, which appear to
demonstrate that a human subject’s choice is encoded in their brain activity up to 10 s before the
choice enters the subject’s conscious awareness [37].

It has sometimes been argued that the assumption of ‘free-will’ is essential for the scientific
method. For example, Zeilinger writes “This is the assumption of ‘free-will’. It is a free decision
what measurement one wants to perform...This fundamental assumption is essential to doing science. If this were not true, then, I suggest, it would make no sense at all to ask nature questions
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in an experiment, since then nature could determine what our questions are, and that could guide
our questions such that we arrive at a false picture of nature” [55]. The argument clearly brings
out a tension between the two basic assumptions of science: first, that nature is described by laws;
second, that these laws can be experimentally tested. This tension arises because the experimenters
are themselves part of nature, and thus described by the same laws. However, the solution cannot
be to uncritically fall back upon ‘free-will’, as that violates the first assumption. There needs to be
an in-depth philosophical enquiry into the scientific implications of abandoning the indeterministic
notion of ‘free-will’. Pending such an enquiry, it is premature to describe superdeterministic models
as unscientific.

Recently, Hardy [56] has proposed testing a hybrid model where the universe is local and
superdeterministic except for conscious human minds which are assumed to have ‘free-will’; that is,
human choices introduce genuinely new information into the universe in this model. This information then spreads out from the event location at a speed equal to or less than that of light. The
model predicts that the Bell inequalities will be violated in all cases except when human beings
are used to choose the measurement settings. Recently a group of researchers, called ‘The Big Bell
Test Collaboration’, used humans to choose the measurement settings for a Bell experiment [57].
The motivation for the experiment was to test such a hybrid model of the universe (although the
assumptions of the model were less unambiguously stated than by Hardy). They found that Bell
inequalities are violated even when humans choose the measurement settings. The hybrid model is
therefore falsified by the experiment; but it is not clear which part of the model is the culprit: the assumption that humans have ‘free-will’, or that the rest of the universe is local and superdeterministic.

The second argument is that superdeterministic models are ‘conspiratorial’. The charge of
conspiracy against such models was made by Bell, who wrote [38]
“Now even if we have arranged that [the measurement settings] a and b are generated by
apparently random radioactive devices, housed in separate boxes and thickly shielded,
or by Swiss national lottery machines, or by elaborate computer programmes, or by
apparently free willed experimental physicists, or by some combination of all of these,
we cannot be sure that a and b are not significantly influenced by the same factors λ
that influence [the measurement results] A and B. But this way of arranging quantum
16

mechanical correlations would be even more mind boggling than one in which causal
chains go faster than light. Apparently separate parts of the world would be deeply and
conspiratorially entangled...”2
The purpose of this article and B is to further develop the conspiracy argument by making
it mathematically concrete. In this article we lay the groundwork by a study of the properties of
superdeterministic models in nonequilibrium. In B we use our results from this study to quantitatively develop the notion of conspiracy. The present article is structured as follows. We first
introduce nonequilibrium extensions of superdeterministic models in section 2.2. An intuitive definition of conspiracy based on fine-tuning is immediately suggested. The section also points out
that the formal no-signalling constraints fail to capture the physical meaning of signalling for these
models. In section 2.3, we review the mechanism by which nonlocal deterministic models violate
formal no-signalling [1] (in nonequilibrium). Using a similar approach, we develop a mechanism for
superdeterministic models in section 2.4. In section 2.5, we discuss another conspiratorial feature of
superdeterminism that emerges in signalling. We conclude with a discussion in section 2.6.

2.2

Nonequilibrium and signalling in superdeterministic models
A scientific theory has two logically separate components: the initial or boundary con-

ditions (which are contingent) and the laws (which are immutable). Delineating these two in a
hidden-variables model naturally leads to the concept of nonequilibrium, as follows. Consider a
hidden-variables model of a single quantum system (which may be composed of several quantum
particles) as opposed to an ensemble of quantum systems. The model will attribute an initial λ to
the system. The initial λ is a contingent feature of the model, as it is an initial condition. On the
other hand, the mapping from λ to the measurement outcomes (given the measurement settings) is
a law-like feature of the model. Now consider a hidden-variables model of an ensemble of quantum
systems. The model will attribute a hidden-variables distribution to the ensemble. As the initial λ
2 In an earlier exchange, however, Bell appeared somewhat more open to this possibility [58]: “A theory may
appear in which such conspiracies inevitably occur, and these conspiracies may then seem more digestible than the
non-localities of other theories. When that theory is announced I will not refuse to listen, either on methodological
or other grounds.”
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is contingent for each system, it follows that the initial hidden-variables distribution is contingent
for the ensemble. A particular distribution (the ‘equilibrium’ distribution) reproduces the quantum
predictions, but the model inherently contains the possibility of other ‘nonequilibrium’ distributions.3

In some theories the initial values of the hidden variables may be subject to important
constraints. This is commonplace even in classical physics. For example, an initial electromagnetic
~ ·E
~ = ρ and ∇
~ ·B
~ = 0 (where ρ is the charge density). The
field must satisfy the constraints ∇
other two Maxwell equations contain time derivatives and determine the dynamical evolution from
the initial conditions. The situation is similar in general relativity: only the space-space components of the Einstein field equations are truly dynamical, the other components define constraints
on an initial spacelike slice. When considering theories with constraints on the state space, there
are three points to note. First, such constraints are best viewed as part of the definition of the
physical state space (that is, the space of allowed states) for an individual system. Second, for a
given individual system the actual physical initial state (satisfying the constraints) is a contingency.
Third, for an ensemble of systems, the initial probability distribution over the physical state space
is likewise a contingency. Thus, considering theories with a constrained state space in no way affects the argument for the contingency of quantum equilibrium in hidden-variables theories generally.

The concept of quantum nonequilibrium was first proposed in the context of pilot-wave theory and used to study the issue of signal locality [9, 10]. However, the concept itself does not depend
on the details of any particular theory or on the particular issue being addressed. Subsequent study
of nonequilibrium for general nonlocal models showed that the usual explanation of signal locality
involves fine tuning of the intial distribution [1]. Note that the same conclusion was arrived at later
by other workers applying causal discovery algorithms to Bell correlations [34]. Lastly, nonequilibrium and signal locality have also been studied for retrocausal models [29].

For a superdeterministic model, the novel addition is the contingent nature of the correlation between λ and the measurement settings. As discussed in the Introduction, this correlation is
3 It has been argued by Dürr et al. [59] that in pilot-wave theory the equilibrium distribution is typical (with
respect to the equilibrium measure), and that this rules out nonequilibrium distributions. However, while the equilibrium distribution is indeed typical with respect to the equilibrium measure, it is also untypical with respect to a
nonequilibrium measure [60]. Thus, the argument is really circular.
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a consequence of the correlation between λ and the setting mechanism. The latter correlation is
contingent (determined by the initial conditions) and therefore variable in principle. In general, λ
may be correlated with each setting mechanism in a different way. Suppose there are two setting
mechanisms at each wing of a Bell experiment. Say there are two different computer algorithms
that generate possible setting values for the experimenter to choose. Let us label the setting values
generated by the two setting mechanisms at wing A (B) by the variables α1 and α2 (β1 and β2 ).
The hidden-variables distribution will then be given by4 ρ(λ|αi , βj ), where i, j ∈ {1, 2}. Suppose
the measurement setting at wing A (B) is MA (MB ). There will then be four logically independent
distributions ρ(λ|αi = MA , βj = MB ). In general, these will be different, giving rise to different
measurement statistics (for the same settings MA and MB ). Thus, the choice of setting mechanism
can affect the measurement statistics for a nonequilibrium extension of a superdeterministic model.
We intuitively expect that superdeterministic models have to be fine-tuned so that the measurement
statistics do not depend on the choice of setting mechanism. In B we formulate this intuition quantitatively.

Let us now consider the signalling properties of these models. Suppose the setting mechanisms i and j are used. The model will predict the expectation values
Z
E[AB|MA , MB ] =

dλA(λ, MA )B(λ, MB )ρ(λ|αi = MA , βj = MB )

(2.2)

dλA(λ, MA )ρ(λ|αi = MA , βj = MB )

(2.3)

dλB(λ, MB )ρ(λ|αi = MA , βj = MB )

(2.4)

Z
E[A|MA , MB ] =
Z
E[B|MA , MB ] =

where A(λ, MA ) and B(λ, MB ) (called ‘indicator functions’) determine the local measurement outcomes at wings A and B respectively. In general, the equations (2.2), (2.3) and (2.4) will not match
quantum predictions if ρ(λ|αi = MA , βj = MB ) 6= ρeq (λ|MA , MB ). In that case, since the Bell
correlations satisfy the formal no-signalling constraints, one intuitively expects that equations (2.3)
and (2.4) will violate them in general.

It is useful to point out here that the notion of no-signalling was criticised by Bell [61] as
4 The

dependence of the hidden-variables distribution on the quantum state is implicit, and is suppressed hereafter
for convenience.
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resting on concepts “which are desperately vague, or vaguely applicable”. His criticism was based
on the grounds that “the assertion that ‘we cannot signal faster than light’ immediately provokes
the question: Who do we think we are?”. This anthropocentric criticism is brought to a head in the
context of superdeterminism, where the experimenters’ choices of measurement settings are explicitly considered as variables internal to the model (as the outputs of the setting mechanisms). For a
superdeterministic model, the violation of formal no-signalling is not equivalent to actual signalling.
To make the discussion precise, we define an actual signal to be present (say, from MB → A) in a
Bell experiment only if:
1. The formal no-signalling constraints are violated. That is, p(A|MA , MB ) 6= p(A|MA , MB0 ), where
A is the local measurement outcome at the first wing.
2. The distant measurement setting MB is a cause of the local outcome A. For a deterministic model
(as considered here), we define that A causally depends on MB if only if A functionally depends on
MB .

If only formal no-signalling is violated, then we refer to this violation as an apparent signal (in contrast to an actual signal). The causality condition is needed to ensure that we do
not mistake a statistical correlation between A and MB for actual signalling (see also section
2.5 for a discussion of causality for indeterministic models). The importance of this condition is
brought out clearly by superdeterministic models in nonequilibrium. Say the measurement setting at wing B is changed from MB → MB0 . The hidden-variables distribution will change from
ρ(λ|αi = MA , βj = MB ) → ρ(λ|αi = MA , βj = MB0 ) – not due to a causal effect of the change
MB → MB0 , but because the distribution is statistically correlated (due to past initial conditions)
with the setting mechanism output βj . That is, the hidden-variables distribution does not functionally depend on the measurement settings; it is only correlated with them. The local indicator
function A(λ, MA ) is also functionally independent of MB . This is true in both equilibrium and in
nonequilibrium. The violation of formal no-signalling in nonequilibrium (analogous to that of Bell
inequalities in equilibrium) arises as a peculiarity of the statistical correlation between the setting
mechanism and λ. Thus, the violation of formal no-signalling constraints in superdeterminism is
an apparent signal. Since the violation of formal no-signalling constraints is a necessary but not
sufficient condition for actual signalling, the so-called no-signalling constraints may be more appropriately called ‘marginal-independence’ constraints.
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In section 2.5, we discuss this further in the context of superdeterministic conspiracy. Currently, we pivot our attention to the hidden-variables mechanism by which marginal-independence
is violated. In the next section we review this mechanism for nonlocal deterministic models, as
discussed in ref. [1].

2.3

Marginal-independence in nonlocal deterministic models
Consider the standard Bell scenario [62], where two spin-1/2 particles are prepared in the

spin-singlet state and subsequently subjected to the local measurements MA (corresponding to the
ˆ and MB (corresponding to the operator Iˆ ⊗ σ̂ ) in a spacelike separated manner.
operator σ̂â ⊗ I)
b̂
A nonlocal deterministic (but not superdeterministic) model, which specifies the measurement outcomes by the nonlocal indicator functions A(λ, MA , MB ) and B(λ, MA , MB ), reproduces the Bell
correlations for an ‘equilibrium’ distribution of hidden variables ρeq (λ). Consider nonequilibrium
distributions ρ(λ) 6= ρeq (λ) for the model (with the same indicator functions). The joint outcome
expectation value can be expanded as

Z
E[AB|MA , MB ] =

dλA(λ, MA , MB )B(λ, MA , MB )ρ(λ)

(2.5)

while the marginal outcome distributions can be expanded as
Z
E[A|MA , MB ] =

dλA(λ, MA , MB )ρ(λ)

(2.6)

dλB(λ, MA , MB )ρ(λ)

(2.7)

Z
E[B|MA , MB ] =

Equations (2.6) and (2.7) depend on the measurement settings at both wings. Thus, one intuitively
expects that a change in one of the measurement settings will in general change both the marginal
outcome distributions, thus violating marginal-independence5 . It can however be that, for some
special hidden-variables distributions, changing a measurement setting affects the marginal outcome
distribution only at that same wing, as is true, for example, for the equilibrium distribution ρeq (λ).
5 In section 2.5, we discuss that the violation of marginal-independence implies an actual signal for nonlocal models.
Therefore, we currently use the term signal when these constraints are violated.
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Figure 2.2: Schematic illustration of signalling in nonlocal models (following the methodology of
ref. [1]). Part a) of the figure represents the initial case where the measurement settings at the
two wings are MA and MB . The hidden-variables distribution has been assumed to be uniform for
simplicity. Upon changing MB → MB0 some of the λ’s which initially gave A = +1(−1) ‘flip their
outcomes’ to subsequently give A = −1(+1) due to nonlocality. If the distribution satisfies marginalindependence, for example the equilibrium distribution ρeq (λ), then the set of λ’s that flip their
outcomes from +1 → −1, represented by the ‘transition set’ TA (+, −), has the same measure as the
set of λ’s that flip their outcomes from −1 → +1, represented by TA (−, +). This case is illustrated in
part b) of the figure, where the measures of TA (+, −) and TA (−, +) are equal. For a nonequilibrium
distribution however, the measure of the two transition sets are not equal in general, which leads to
signalling. This is illustrated in part c) of the figure. Here SA+(−) = {λ|A(λ, MA , MB ) = +(−)1}
0
and SA+(−)
= {λ|A(λ, MA , MB0 ) = +(−)1}.
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This intuition can be formalised using the methodology of ref. [1]. Consider changing
the measurement setting MB (corresponding to σ̂b̂ ) → MB0 (corresponding to σ̂b̂0 ). Consider the
set S = {λ|ρ(λ) > 0}. We may define the subsets SA+ = {λ|λ ∈ S ∧ A(λ, MA , MB ) = +1},
0
0
SA− = {λ|λ ∈ S ∧ A(λ, MA , MB ) = −1} and SA+
= {λ|λ ∈ S ∧ A(λ, MA , MB0 ) = +1}, SA−
=
0
0
{λ|λ ∈ S ∧ A(λ, MA , MB0 ) = −1}. Clearly SA+ ∩ SA− = SA+
∩ SA−
= ∅, and the set S can be
0
0
partitioned as S = SA+ ∪ SA− = SA+
∪ SA−
. We may also define the ‘transition sets’ TA (+, −) =

0
SA+ ∩ SA−
the set of λ’s that transition from giving A = +1 to A = −1 upon changing MB → MB0
0
and TA (−, +) = SA− ∩ SA+
the set of λ’s that transition from giving A = −1 to A = +1 upon

changing MB → MB0 . The property that an arbitrary distribution ρ(λ) must possess to be marginal-

independent can then be expressed as simply the equality of the measures of the two transition sets
(see Fig. 2), that is
Z

Z
dλρ(λ) =

dλρ(λ)

TA (+,−)

(2.8)

TA (−,+)

This equality means that the fraction of the ensemble making a transition from +1 → −1 is equal to
the fraction of the ensemble making the reverse transition (a form of ‘detailed balancing’), so that
the marginal distribution at A is unchanged (under a change of measurement setting at B). On the
other hand, if this equality is violated for the given settings MA , MB , MB0 – as will be the case for
a general nonequilibrium distribution – then for those settings the marginal at A will change and
there will be a nonlocal signal from B to A [1]. The change in the marginal at A, in this case, will
be
Z

Z
dλρ(λ) −

TA (−,+)

dλρ(λ)

(2.9)

TA (+,−)

Z

Z
dλρ(λ) −

=

dλρ(λ)

0
SA− ∩SA+

Z
=

Z
dλρ(λ) +

0
SA− ∩SA+

Z
0
SA+

 Z
dλρ(λ) −

0
SA+ ∩SA+

0
SA+ ∩SA−

Z
dλρ(λ) +


dλρ(λ)

(2.11)

0
SA+ ∩SA+

Z
dλρ(λ) −

=

(2.10)

0
SA+ ∩SA−

dλρ(λ)

(2.12)

SA+

0
0
0
where, in the last line, we have used the relations (SA− ∩ SA+
) ∪ (SA+ ∩ SA+
) = SA+
and (SA+ ∩
0
0
SA−
) ∪ (SA+ ∩ SA+
) = SA+ . In the next section, we use a similar methodology to analyse marginal-
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independence in superdeterministic models.

2.4

Marginal-independence in superdeterministic models
Consider a local superdeterministic model of the Bell scenario, where the measurement

outcomes are specified by the local indicator functions A(λ, MA ) and B(λ, MB ). Here MA (MB )
corresponds to the operator σ̂â ⊗ Iˆ (Iˆ ⊗ σ̂b̂ ). The model reproduces the Bell correlations for an
equilibrium distribution of hidden variables ρeq (λ|MA , MB ). Consider a nonequilibrium distribution
ρ(λ|α = MA , β = MB ) 6= ρeq (λ|MA , MB ), where α (β) labels the output of the setting mechanism
that determines the measurement setting at wing A (B).

Let us examine the details at the hidden-variables level when a measurement setting is
changed, say MB → MB0 . We define the sets SMB = {λ|ρ(λ|α = MA , β = MB ) > 0}, SMB0 =
{λ|ρ(λ|α = MA , β = MB0 ) > 0}, S = SMB ∪ SMB0 and partition the set S as
S = SA+ ∪ SA− ; SA+ ∩ SA− = ∅

(2.13)

where SA+ = {λ|λ ∈ S ∧ A(λ, MA ) = +1} and SA− = {λ|λ ∈ S ∧ A(λ, MA ) = −1}. The measure

of the set SA+ with respect to the distribution ρ(λ|α = MA , β = MB ) ρ(λ|α = MA , β = MB0 )
determines the marginal probability that A = +1 when the measurement setting at wing B is MB
(MB0 ). For marginal-independence, we must have
Z

Z
dλρ(λ|α = MA , β = MB ) =

SA+

dλρ(λ|α = MA , β = MB0 )

(2.14)

SA+

Since the measure of the set S is 1 with respect to both the distributions, we can use equations
(2.13) and (2.14) to get
Z

Z
dλρ(λ|α = MA , β = MB ) =

SA−

dλρ(λ|α = MA , β = MB0 )

(2.15)

SA−

Equations (2.14) and (2.15) can be restated together as
Z

Z
dλρ(λ|α = MA , β = MB ) =

SA+(−)

SA+(−)

24

dλρ(λ|α = MA , β = MB0 )

(2.16)

Figure 2.3: Schematic illustration of apparent-signalling in superdeterministic models. Part a)
of the figure shows the hidden-variables distribution, assumed to be uniform for simplicity, when
the measurement settings are MA and MB at wings A and B respectively. The blue portion of
the graph represents λ’s belonging to the set SA+ = {λ|λ ∈ S ∧ A(λ, MA ) = +1}, and the red
portion represents λ’s belonging to the set SA− = {λ|λ ∈ S ∧ A(λ, MA ) = −1}. If the hiddenvariables distribution is marginal-independent, then a change MB → MB 0 will correspond to the
measures of the sets SA+ and SA− remaining constant. This is illustrated in part b), where the
measures of the sets SA+ and SA− remain unchanged, although the distribution has changed from
ρ(λ|α = MA , β = MB ) → ρ(λ|α = MA , β = MB0 ). In general, for a nonequilibrium distribution, a
change in MB will correspond to a change in the measures of SA+ and SA− . This is illustrated in
part c) of the figure.
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Thus, for marginal-independence, the measures of the sets SA+ and SA− must remain constant when
MB is changed to MB0 . For nonequilibrium distributions, the measures will change in general (see Fig.
3). This can be intuitively thought of in the following manner. Changing MB → MB0 corresponds
to a ‘reshuffle’ of the distribution ρ(λ|α = MA , β = MB ) in the set S to ρ(λ|α = MA , β = MB0 ).
Reshuffling implies that if the distribution is increased at some region of λ, then it has to be equally
decreased at another region to keep the total measure constant. In the case of the equilibrium
distribution, the sets SA+ and SA− are reshuffled separately. This keeps the measures of SA+ and
SA− constant, although the distribution changes inside both the sets. In general, the distribution
is reshuffled across the entire set S. The measures of SA+ and SA− therefore change in general,
violating marginal-independence. The change in the marginal at A, in this case, will be given by
Z

dλρ(λ|α = MA , β = MB0 ) −

SA+

Z
dλρ(λ|α = MA , β = MB )

(2.17)

SA+

Comparing this with equation (2.12), it becomes evident that this mechanism is completely different
from that discussed for nonlocal deterministic models in the previous section. In the case of nonlocality, marginal-independence is violated due to inequality of the measures of the transition sets
TA (−, +) and TA (+, −). There are no transition sets in the superdeterministic case. The mapping
from λ to the measurement outcomes is not affected by the change of measurement settings – the
distribution of λ itself changes. The change in marginals (in nonequilibrium) occurs as the measures
of SA+ and SA− change when MB is changed to MB0 .

2.5

The conspiratorial character of superdeterministic signalling
In section 2.2, we discussed that superdeterministic signalling is apparent, that is, although

marginal-independence (formal no-signalling) is violated there is no causal relationship between the
local outcomes and the distant measurement settings. In this section, we argue, first, that apparentsignalling is a unique feature of superdeterministic models, and second, that it is indicative of the
conspiratorial character6 of these models.
6 Note that we use the word “conspiracy” to address the criticism by Bell about superdeterministic models (see the
Introduction). Conspiracy can also be used, in a different context, to indicate that hidden-variables models need fine
tuning to reproduce marginal-independence [1, 34]. The usages of the same word are different. In this article and in
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We argue for the uniqueness by considering violation of formal no-signalling vis-a-vis actual
signalling for other hidden-variables models. Let us first consider deterministic nonlocal models.
The outcome at the first wing A is a function of the measurement setting MB at the second wing.
Therefore, there is a causal link MB → A. For nonlocal models, then, the violation of marginalindependence in nonequilibrium constitutes an actual signal. Next, consider retrocausal models. For
these models, the definition of causality given in section 2.2 is insufficient as retrocausal models are
indeterministic (given the past conditions alone). For indeterministic models, we make use of the
causal modelling framework (interventionist causation) [63], where a variable x is considered to be
a cause of y if only if an external intervention on x changes y but not vice versa. In the present
context, this implies that MB has to be an ancestor of A for MB to causally affect A. In retrocausal
models, MB is an ancestor of A as there is a causal link MB → λ → A. That is, λ is causally
affected by MB (backwards in time), then λ affects A (forwards in time). Therefore, for retrocausal
models also, the violation of marginal-independence in nonequilibrium (see, for example, ref. [29])
constitutes an actual signal. Therefore, apparent-signalling is unique to superdeterministic models.
This is illustrated in Fig. 4.

This apparent-signalling brings out another conspiratorial feature of superdeterminism. The
experimenter at wing A (B) of the Bell scenario can influence the marginal outcome distribution
at wing B (A), because marginal-independence is violated. Practically, this constitutes a signalling
procedure, but the physical interpretation is that the local marginals and the distant settings are
only statistically correlated, due to past initial conditions. This leads to a peculiar scenario where
the entire sequence of messages exchanged between the two experimenters is explained as a statistical coincidence. Consider a superdeterministic model of spin-singlet pairs with a nonequilibrium
hidden-variables distribution, for which the measurement statistics violate marginal-independence.
The two experimenters may exploit this to construct an ‘instantaneous telephone’ to communicate
with each other. Although there is no causal link between the wings in a superdeterministic model,
the fact remains that marginal-independence is violated, which the experimenters may exploit for
communication. Say the experimenter at the first wing speaks a message A into the telephone.
The experimenter at the second wing hears the message A at their end, but this is, according to
B, we are concerned only with Bell’s notion of superdeterministic conspiracy.
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a)

c)

b)

Figure 2.4: Schematic illustration of the unique conspiratorial character of superdeterministic signalling. Parts a), b) and c) illustrate nonlocal, retrocausal and superdeterministic models of the Bell
correlations. For nonlocal models, the distant measurement setting MB directly affects the local
outcome A. For retrocausal models, the measurement setting MB indirectly affects A via the route
MB → λ → A. The causal influence from MB → λ is backwards in time, and that from λ → A
is forwards in time. There is, however, no causal influence from MB → A for a superdeterministic
model. Therefore, although the violation of marginal-independence (formal no-signalling) indicates
an actual signal in nonlocal and retrocausal models, it indicates only a statistical correlation between
local outcomes and distant settings in superdeterminism. Note that, in part c), λ either causally
influences the measurement settings or there is a common cause µ between them. Both possibilities
are represented by the same figure as µ can be absorbed into the definition of λ.
superdeterminism, only a coincidence. In principle, the experimenter could have heard a message
A’, but A’=A is arranged by the past initial conditions. Say the second experimenter replies back
with a message B. The first experimenter then hears the correct message B, but this is again purely
coincidental. The two experimenters can continue to have an arbitrarily long conversation using the
telephone, without any information being exchanged between the wings.

A ‘series of coincidences mimicking an actual conversation’ appears conspiratorial intuitively.
In B we show that such series of coincidences are endemic in superdeterminism, and we quantify the
conspiracy involved.

2.6

Conclusion
In an effort to isolate the key conspiratorial features of superdeterministic models, we have

introduced nonequilibrium extensions of such models and explored their various properties. Our
exercise has provided us with two leads. First, in section 2.2 we showed that different setting mechanisms in general lead to different measurement statistics in nonequilibrium. This implies that the
model must be fine-tuned so that such effects do not appear in practice. Second, we showed in
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section 2.5 that, in nonequilibrium, correlations can conspire to resemble an actual signal. In B, we
use these results to develop two separate ways to quantify the conspiratorial character of superdeterminism.

We also found that the formal no-signalling constraints fail to capture the intuitive idea of
signalling for superdeterministic models. The violation of these constraints implies only a statistical
correlation (due to initial conditions) between the local marginals and the distant settings. Therefore, we have suggested that the so-called no-signalling constraints may be more appropriately called
marginal-independence constraints, and concluded that there is only an apparent-signal in superdeterministic models when these constraints are violated. The issue of signalling in superdeterministic
hidden-variables models was also briefly raised in refs. [28, 64], where it was argued that the concept of signalling is not physically meaningful for these models (even if marginal-independence is
violated). The argument is that the experimenters are not able to choose the measurement settings
‘at will’ in such models. However, such reasoning would imply that there is no meaningful signalling
in classical electrodynamics, which would run counter to our understanding of classical physics.7
We have argued that there are no actual signals in superdeterministic models for a different reason:
although marginal-independence is violated in nonequilibrium, the local outcomes are not causally
affected by the distant measurement settings.

Lastly, we have discussed the hidden-variables mechanism by which superdeterministic models violate marginal-independence, and we have distinguished this mechanism from that of nonlocal models. Thus, although hidden-variables models in general violate marginal-independence in
nonequilibrium, the physical interpretation of this violation is model-dependent.

7 See

also the Introduction for a discussion of the relationship between ‘will’ and fundamental randomness.
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Chapter 3

Superdeterministic
hidden-variables models II:
conspiracy
Adapted from I. Sen and A. Valentini. Superdeterministic hidden-variables models II: conspiracy. Proc. Roy. Soc. A, 476: 20200214, 2020.

Abstract
We prove that superdeterministic models of quantum mechanics are conspiratorial in a
mathematically well-defined sense, by further development of the ideas presented in a previous article A. We consider a Bell scenario where, in each run and at each wing, the experimenter chooses
one of N devices to determine the local measurement setting. We prove, without assuming any
features of quantum statistics, that superdeterministic models of this scenario must have a finelytuned distribution of hidden variables. Specifically, fine-tuning is required so that the measurement
statistics depend on the measurement settings but not on the details of how the settings are chosen.
We quantify this as the overhead fine-tuning F of the model, and show that F > 0 (corresponding
to ‘fine-tuned’) for any N > 1. The notion of fine-tuning assumes that arbitrary (‘nonequilibrium’)
hidden-variables distributions are possible in principle. We also show how to quantify superdeter30

ministic conspiracy without using nonequilibrium. This second approach is based on the fact that
superdeterministic correlations can mimic actual signalling. We argue that an analogous situation
occurs in equilibrium where, for every run, the devices that the hidden variables are correlated with
are coincidentally the same as the devices in fact used. This results in extremely large superdeterministic correlations, which we quantify as a drop of an appropriately defined formal entropy.
Nonlocal and retrocausal models turn out to be non-conspiratorial according to both approaches.

3.1

Introduction
In a previous article A [65], we gave a broad overview of superdeterministic models and crit-

icisms thereof. We also discussed the properties of these models in nonequilibrium. In particular, we
showed that nonequilibrium extensions of superdeterministic models have two striking properties.
First, the measurement statistics have a general dependence on the mechanism used to determine the
measurement settings. This implies that the equilibrium distribution has to be finely-tuned such that
these effects disappear in practice. Second, although these models violate marginal-independence
(that is, they violate formal no-signalling), there is no actual signalling. Instead, the local outcomes
and distant settings are only statistically correlated due to initial conditions. We argued that this
mimicking of a signal using statistical correlations is intuitively conspiratorial. In this paper, we
further develop these ideas mathematically to give two separate ways to quantify the conspiratorial
character of superdeterministic models.

It is useful to discuss here the relation between experimental observations, fine tuning, and
the nonequilibrium framework. Although all possible distributions are allowed in nonequilibrium,
experimental observations are important in the framework. A useful example here would be the
astrophysical and cosmological tests of nonequilibrium distributions that have been proposed in
pilot-wave theory [66, 60]. The framework, however, considers it unsatisfactory to fine tune the
initial hidden-variables distribution to reproduce the experimental observations. A classic example
of this is signal locality (marginal independence or formal no-signalling), which has been experimentally confirmed in numerous experiments. The usual explanation of signal locality involves fine
tuning of the initial distribution [1]. The same conclusion was arrived at later by other workers applying causal discovery algorithms to Bell correlations [34]. In this paper, we use the nonequilibrium
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framework to ask whether superdeterministic models need to be fine tuned so that the measurement
statistics depend on the measurement settings but not on the details of how the settings are chosen.

The paper is structured as follows. In section 3.2 we define our experimental setup and
show that superdeterministic models of our scenario must be fine tuned so that the measurement
statistics do not depend on the details of how the measurement settings are chosen. We also show
that nonlocal and retrocausal models of our scenario do not have to be similarly fine tuned. In
section 3.3, we quantify the fine tuning required for different kinds of superdeterministic models by
introducing a fine tuning parameter F . In section 3.4, we propose a different approach to quantifying
the conspiracy which foregoes any use of nonequilibrium distributions. We discuss our results in
section 3.5.

3.2

Superdeterministic conspiracy as fine tuning
Consider the standard Bell scenario [7], where two spin-1/2 particles prepared in the spin-

singlet state are each subjected to one of two local spin measurements, say Mx (corresponding to
σ̂x̂ ) or Mz (corresponding to σ̂ẑ ), in a spacelike separated manner. The local measurement settings
at both wings are chosen using a setting mechanism, which is defined as any physical system that
outputs a measurement setting. A simple example is a die whose faces have been painted either
Mx or Mz . An experimenter can roll the die for each run and use its output to choose the local
measurement setting. Other examples of setting mechanisms can include coins, random number
generators, humans choosing measurement settings, and so on.

We suppose that the experimenter at each wing has a setup consisting of N different setting
mechanisms, which collectively give N outputs for each run. The experimenter then chooses one
of the outputs and uses it as the actual measurement setting for that run (how he or she makes
this choice has no relevance to our argument, so it can be specified arbitrarily). Nevertheless, the
outputs of all the N setting mechanisms are recorded for each run at both the wings.

We label the hidden variables that determine the measurement outcomes at both wings
by λ. The output of the ith (j th ) setting mechanism at wing A (B) is labelled by αi (βj ), where
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i, j ∈ {1, 2...N } and αi , βj ∈ {Mx , Mz }. We label the experimenters’ choice of the outputs in the
following manner: if the experimenter at wing A (B) chooses the ith (j th ) setting mechanism, then
we have γA = i (γB = j). Lastly, we label the actual measurement settings at wing A (B) by MA
(MB ), where MA , MB ∈ {Mx , Mz }.

We know that, in a superdeterministic model, λ is correlated with the measurement settings. As these models are deterministic, it follows that λ is correlated with the physical variables
that determine the measurement settings. In our scenario, the measurement settings are functions
of the N setting mechanism outputs and of the experimenter’s choice for each run (at both wings).
Therefore, in general, λ will be correlated with {α} ({β}) and γA (γB ) at wing A (B), where
{α} = {α1 , α2 , ...αN } and {β} = {β1 , β2 , ...βN }. A superdeterministic model of our scenario is
schematically illustrated in Fig. 1. Note that, as in A, we have not used the interventionist notion
of causation [63] to define the causal relationships in the figure, as the model is deterministic. For
a deterministic model, the relation between the effect (defined to be in the future) and the cause
(defined to be in the past) is that of functional dependence. This definition uses only the concepts
of temporal ordering and functional dependence.

The measurement statistics will be encoded in the distribution p(OA , OB |MA , MB ). For
both type I and type II models (see A and Fig. 1 below), this distribution can be expanded as

p(OA , OB |MA , MB ) =

X X

X

p(OA , OB , λ, {α}, γA , {β}, γB |MA , MB )

(3.1)

λ {α},γA {β},γB

=

X X

X

p(OA , OB |λ, MA , MB )p(λ|MA , MB , {α}, γA , {β}, γB )p({α}, γA , {β}, γB |MA , MB )

λ {α},γA {β},γB

(3.2)
where we have used p(OA , OB |λ, {α}, γA , {β}, γB , MA , MB ) = p(OA , OB |λ, MA , MB ) as the measurement outcomes depend only the measurement settings given the hidden variables. We note that
the measurement statistics depend, in general, on {α}, γA and {β}, γB as the hidden-variables distribution p(λ|MA , MB , {α}, γA , {β}, γB ) has a dependence on these variables. For example, suppose the
0
0
00
00
variables are ({α}0 , γA
, {β}0 , γB
) for a particular set of runs and ({α}00 , γA
, {β}00 , γB
) for another set.
0
00
Let the measurement settings for both the sets be the same. That is, MA ({α}0 , γA
) = MA ({α}00 , γA
)
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Figure 3.1: Causal order diagram for a superdeterministic model of our scenario. The experimenters
choose one of the N setting mechanisms at each wing to select the measurement setting for each run.
The setting mechanisms at wing A (B) are depicted by the variables α’s (β’s). The experimenter’s
choice of setting mechanism at wing A (B) is depicted by γA (γB ). Both type I and type II superdeterministic models are represented by the figure. In a type I model, either λ causally influences the
variables {α}, γA at wing A and {β}, γB at wing B, or there are common causes between λ and
these variables. In the case of common causes, we subdivide λ as λ = (λ0 , µA , µB ), where λ0 causally
influences the outcomes OA and OB , and µA (µB ) causally influences both λ0 and {α}, γA ({β}, γB ).
A type II model differs from this case only in that µA and µB do not have a causal relationship with
λ0 , but are correlated with λ0 as a direct consequence of the initial conditions.
0
00
and MB ({β}0 , γB
) = MB ({β}00 , γB
). In general, the measurement statistics for both the sets will

differ. This can be for two different reasons. First, λ may be correlated with different setting
mechanisms differently. We know that, when γA = i (γA = j), λ is correlated with MA due to its
correlation with αi (αj ). In general, λ may be correlated with αi and αj differently. Therefore, if
00
0
= j, (j 6= i), then the hidden-variables distribution will be different for both the sets,
= i and γA
γA

leading to different measurement statistics in general. Second, λ may be non-trivially correlated
0
00
with the unused setting mechanisms. For example, suppose γA
= γA
= i, but αj0 6= αj00 . If λ is

non-trivially correlated with αj , then the distribution will be different for both the sets, leading
to different measurement statistics again in general. Many such sets can be similarly constructed
that have the same measurement settings MA and MB but different {α}, γA , {β}, γB values. The
measurement statistics for these sets will be the same if and only if

0
0
00
00
p(OA , OB |MA , MB , {α}0 , γA
, {β}0 , γB
) = p(OA , OB |MA , MB , {α}00 , γA
, {β}00 , γB
)

(3.3)

0
00
0
00
where MA ({α}0 , γA
) = MA ({α}00 , γA
) and MB ({β}0 , γB
) = MB ({β}00 , γB
). Equation (3.3) formalises

the condition that the measurement statistics depend only on the measurement settings. Expanding
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both distributions over λ, we have
X

0
0
p(OA , OB |λ, MA , MB )p(λ|MA , MB , {α}0 , γA
, {β}0 , γB
)=

λ

X

00
00
p(OA , OB |λ, MA , MB )p(λ|MA , MB , {α}00 , γA
, {β}00 , γB
)

λ

(3.4)
It is clear that condition (3.4) will not be satisfied in general for an arbitrary hidden-variables distribution p(λ|MA , MB , {α}, γA , {β}, γB ). Therefore, we conclude that superdeterministic models of
our scenario must be fine tuned. Note that this fine tuning is not needed to reproduce any particular feature of the quantum predictions, such as marginal independence (formal no signalling), non
contextuality, and so on. It is only needed to satisfy equation (3.3).

On the other hand, one can show that retrocausal and nonlocal models of our scenario do
not need this finetuning1 . Let us first consider retrocausal models of our scenario. The causal order
diagram for such a model is shown in Fig. 2 a). Note that we have used the interventionist notion of
causation [63] to define causal relationships in Fig. 2 a) as retrocausal models are not deterministic
(given the past conditions alone). The measurement setting causally affects λ backwards in time in
these models. The measurement setting, in turn, is causally determined by the setting mechanisms
and the the experimenters’ choices forwards in time. In this way, λ is correlated with the variables
{α}, γA at wing A and {β}, γB at wing B. Intuitively, we expect that only the measurement setting,
not the exact manner in which the measurement setting is chosen, will be important. This is because
the setting of the measuring apparatus, regardless of how it is selected, causally affects λ (backwards
in time). Therefore, the correlation between λ and the measurement settings does not depend on
how the settings are chosen, that is, p(λ|MB , {α}, γA , {β}, γB ) = p(λ|MB ) for the retrocausal model
in Fig. 2 a). We can understand this more explicitly by considering the joint distribution of the
model parameters

p(OA , OB , λ, MA , MB , {α}, γA , {β}, γB ) =p(OA |λ, MA )p(OB |λ, MB )p(λ|MB )p(MA |{α}, γA )×
p(MB |{β}, γB )p({α})p(γA )p({β})p(γB )

(3.5)

1 All hidden-variables models need to be fine-tuned in order to reproduce marginal independence (formal no signalling) [1, 34], unless a dynamical explanation of finetuning is given [9, 11, 60]. The fine tuning we are discussing
here refers only to that required to satisfy condition (3.3).
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We can sum over the variables {α}, γA at wing A and {β}, γB at wing B to yield
X

X

p(OA , OB , λ, MA , MB , {α}, γA , {β}, γB ) = p(OA |λ, MA )p(OB |λ, MB )p(λ|MB )p(MA )p(MB )

{α},γA {β},γB

(3.6)
This means that we can always build a reduced model where only the parameters p(OA |λ, MA ),
p(OB |λ, MB ), p(λ|MB ) and p(MA ), p(MB ) are defined. The variables {α}, γA , {β}, γB do not need
to be explicitly included in the model. Therefore, the model does not have to be fine tuned with
respect to these variables and condition (3.3) is automatically satisfied.

Next consider a nonlocal model of our scenario. The causal order diagram will be as shown
in Fig. 2 b). The joint distribution of the model parameters is

p(OA , OB , λ, MA , MB , {α}, γA , {β}, γB ) =p(OA |λ, MA , MB )p(OB |λ, MB )p(λ)p(MA |{α}, γA )×
p(MB |{β}, γB )p({α})p(γA )p({β})p(γB )

(3.7)

Similarly to the retrocausal model, we can sum over the variables {α}, γA at wing A and {β}, γB at
wing B to yield
X

X

p(OA , OB , λ, MA , MB , {α}, γA , {β}, γB ) = p(OA |λ, MA , MB )p(OB |λ, MB )p(λ)p(MA )p(MB )

{α},γA {β},γB

(3.8)
Therefore, the only necessary model parameters are p(OA |λ, MA , MB ), p(OB |λ, MB ), p(λ) and
p(MA ), p(MB ). A nonlocal model of our scenario, therefore, does not have to be fine tuned with
respect to the variables {α}, γA , {β}, γB in order to satisfy condition (3.3). Unlike for retrocausal
and nonlocal models, the variables {α}, {β}, γA , and γB cannot be summed over similarly for superdeterministic models of our scenario. The causal order diagram for a superdeterministic model
of our scenario (see Fig. 1) implies that p(λ|MA , MB , {α}, γA , {β}, γB ) = p(λ|{α}, γA , {β}, γB ).

The measurement statistics for superdeterministic models depend crucially on the correlation between λ and the variables {α}, {β}, γA , and γB (given MA and MB ). Therefore, fine tuning
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b)

a)

Figure 3.2: Schematic illustrations of retrocausal and nonlocal models of our scenario. There are
N setting mechanisms at each wing. For each run, the experimenters choose one of the setting
mechanisms to select the measurement setting for that run. Part a) illustrates a retrocausal model
of our scenario. The measurement setting MB causally affects the hidden variables λ backwards in
time. This leads to a correlation between the variables {β}, γB and λ. Part b) illustrates a nonlocal
model of our scenario. The measurement setting MB nonlocally affects the outcome OA . In both
cases, it is possible to sum over the {α}, γA variables at wing A and {β}, γB variables at wing B to
build a reduced model without these variables.
is required so that the measurement statistics depend on the measurement settings but not on the
details of how the settings are chosen. Note that we have not imposed any features of quantum
statistics, that is, any features of the Born rule, to argue that superdeterministic models are fine
tuned. In principle, we can impose the additional requirement that the superdeterministic model
reproduces the Born rule. This will require an additional fine tuning. However, this is not relevant
to the question we are asking in this paper: whether superdeterministic models require fine tuning
so that the measurement statistics depend on the measurement settings but not on the details of
how the settings are chosen. Our results show that superdeterministic models require fine tuning
regardless of whether or not they reproduce quantum statistics, in sharp contrast with retrocausal
or nonlocal models. Note further that we have not imposed the condition of locality either.
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3.3

Quantification of fine tuning
In this section, we quantify the degree of fine tuning required for superdeterministic models

of our scenario to satisfy condition (3.3). We first assume that

p(λ|MA , MB , {α}, {β}, γA , γB ) = l/L ∀ λ

(3.9)

for some l ∈ {0, 1, 2...L}, where L is a very large positive integer. Although we are assuming that
λ is a discrete variable, our argument can be applied to discrete approximations of any continuous
distribution, where the approximation can be made arbitrarily close by increasing L. Let the number
of possible values of λ be Λ.

RΛ
+|

P

We can represent the hidden-variable distribution by using the probability simplex p ∈

λ p(λ|MA , MB , {α}, {β}, γA , γB ) = 1, p(λ|MA , MB , {α}, {β}, γA , γB ) ≥ 0 . In the simplex

notation, a particular configuration of the distribution is represented by a single point p on a
(Λ − 1) dimensional object. By a configuration, we mean a particular value of the distribution
for all λ’s. For example, for Λ = 3, the different configurations of the distribution can be represented by points on a plane (see Fig. 3). Each point on the plane specifies a particular set of values
{p(λ1 |MA , MB , {α}, {β}, γA , γB ), p(λ2 |MA , MB , {α}, {β}, γA , γB ), p(λ3 |MA , MB , {α}, {β}, γA , γB )} for
the distribution p(λ|MA , MB , {α}, {β}, γA , γB ). Let the number of points on the simplex that satisfy
(3.9) for all λ be labelled by V (Λ, L). In nonequilibrium, there are V (Λ, L) possible configurations
of each distribution. Note that V (Λ, L) scales with Λ as V (Λ, L) = (L + Λ − 1)!/L!(Λ − 1)!.

Let Ω be the total number of independent distributions in the model, including nonequilibrium distributions. For example, consider Ω for our scenario. We know that there are N possible
γA and γB values. Each α or β can take one of 2 values (Mx or Mz ). The number of possible {α} or {β} values, therefore, is 2N . In total, there will be N 2 22N independent distributions
p(λ|MA , MB , {α}, {β}, γA , γB ). Thus, Ω = N 2 22N for our scenario. Each distribution can take one
of V (Λ, L) configurations (points on the simplex). The Ω distributions can have V (Λ, L)Ω different
configurations in total. Let the model impose certain constraints on the configurations to satisfy
condition (3.3). Suppose, as a result of these constraints, the total number of configurations is
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Figure 3.3: Schematic illustration of the probability simplex for Λ = 3. Each point on the shaded
plane represents a particular distribution {p(1), p(2), p(3)}. In general, a hidden-variables distribution can be represented by a point on a (Λ − 1) dimensional space in this fashion for any Λ.
reduced to Nf . Then we define the quantity

F =1−

Nf
V (Λ, L)Ω

(3.10)

as the overhead fine-tuning of the hidden-variables model. If F = 0 we call the model completely
general, as the total number of configurations after applying the constraints is the same as before.
On the other hand, if F = 1 we call the model completely fine-tuned, as there are no configurations
left after imposing the constraints. Any value of F outside [0, 1] reflects inconsistency in the model.
We now use this definition to quantify the fine tuning of superdeterministic models of our scenario.

We first consider the kind of superdeterministic model usually proposed in the literature,
where there is single distribution p(λ|MA , MB ). One can obtain such a model by imposing the
following constraints on the general distribution p(λ|MA , MB , {α}, {β}, γA , γB ):

p(λ|MA , MB , {α}, {β}, γA = i, γB = j) = p(λ|MA , MB , αi , βj , γA = i, γB = j)
p(λ|MA , MB , αi , βj , γA = i, γB = j) = p(λ|MA , MB )

(3.11)
(3.12)

for all i, j. Note that MA = MA ({α}, γA ) and MB = MB ({β}, γB ). Constraint (3.11) implies that
λ is correlated with the output of only the setting mechanism actually used for all runs. Constraint
(3.12) implies that λ is correlated with the output of each setting mechanism in the same way. Note
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that p(λ|MA , MB ) need not be the equilibrium distribution, as we have not imposed the condition
that the model reproduces the predictions of quantum mechanics. It is clear that a superdeterministic model that satisfies equations (3.11) and (3.12) will satisfy equation (3.4), and thereby condition
(3.3). Let us find out the value of F for such a model.

The model (after being constrained) has only four independent distributions p(λ|MA , MB ),
as we assume that MA and MB can each take one of only two values: Mx or Mz . Each of the four
distributions can occupy any of the V (Λ, L) points on the simplex, as (3.4) is satisfied automatically
due to (3.11) and (3.12). Therefore, Nf = V (Λ, L)4 . The fine-tuning parameter F will be

F =1−

V (Λ, L)4
V (Λ, L)Ω

= 1 − V (Λ, L)4−N

(3.13)
2 2N

2

,

(3.14)

as we know that Ω = N 2 22N . From the ‘excess-baggage’ theorem [67], we know that Λ → ∞. For
N = 1, F = 0 (there is no fine tuning). However, for any N > 1, F = 1 in the limit V (Λ, L) → ∞
(we know that as Λ → ∞, V (Λ, L) → ∞). Therefore, the model is arbitrarily close to complete fine
tuning for any N > 1. This means that imposing the constraints (3.11) and (3.12) to reproduce the
features a) and b) is a bad strategy from a fine tuning perspective.

Let us now consider more general superdeterministic models. We know that equation (3.4)
is the minimum constraint that needs to be satisfied in order to satisfy (3.3). Let us, therefore, determine F for a superdeterministic model of our scenario with (3.4) as the only constraint. This will be
the minimum fine tuning required for a general superdeterministic model of our scenario. To begin,
we note that the total number of independent distributions does not change as a result of (3.4). Out
of these Ω distributions, there are Ω/4 distributions corresponding to a particular value of (MA , MB ).
That is, there are Ω/4 distributions corresponding to each of (Mx , Mx ), (Mx , Mz ), (Mz , Mx ) and
(Mz , Mz ). We need to ensure that equation (3.4) is satisfied for each value of (MA , MB ). Consider
the Ω/4 distributions that correspond to a particular value of (MA , MB ). Consider a single distribution out of these possibilities. Let this distribution be unconstrained, so that the number of possible
configurations of this distribution is V (Λ, L). Let us label the j th configuration of the unconstrained
u
u
distribution by pj (λ|MA , MB , {α}u , {β}u , γA
, γB
), where j ∈ {1, 2, 3....V (Λ, L)}. Consider another
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c
c
(constrained) distribution p(λ|MA , MB , {α}c , {β}c , γA
, γB
) out of the remaining Ω/4 − 1 possible

distributions that correspond to (MA , MB ). Equation (3.4) then implies
X

u
u
p(OA , OB |λ, MA , MB )pj (λ|MA , MB , {α}u , γA
, {β}u , γB
)=

λ

X

c
c
p(OA , OB |λ, MA , MB )p(λ|MA , MB , {α}c , γA
, {β}c , γB
)

λ

(3.15)
Clearly, the remaining Ω/4 − 1 distributions will have to be constrained in order to satisfy (3.15).
Let the number of configurations of each constrained distribution (that satisfies (3.15) for a given j th
j
j
configuration of the unconstrained distribution) be vAB
(Λ, L), where 0 < vAB
(Λ, L)/V (Λ, L) < 1.

The total number of configurations of the distributions corresponding to (MA , MB ) will then be
PV (Λ,L) j
Ω
vAB (Λ, L) 4 −1 . The fine tuning parameter F will be
j=1
Q
F =1−

A,B

PV (Λ,L)
j=1

Ω

j
vAB
(Λ, L) 4 −1

V (Λ, L)Ω

(3.16)

j
We know that vAB
(Λ, L)/V (Λ, L) < 1 ∀ j, A, B. This implies that
j
vAB
(Λ, L)  Ω4 −1
<1
V (Λ, L)
V (Λ,L)

⇒

X
j=1

j
(Λ, L)  Ω4 −1
vAB
< V (Λ, L)
V (Λ, L)

(3.17)
(3.18)

This suggests that we write the fine-tuning parameter in the following form

F =1−

Y

PV (Λ,L)
j=1

V (Λ, L)

A,B

=1−

Y

 Ω −1
j
vAB
(Λ, L)/V (Λ, L) 4

PV (Λ,L)
j=1

N 2 22N −2 −1
j
vAB
(Λ, L)/V (Λ, L)
V (Λ, L)

A,B

(3.19)

(3.20)

For N = 1, F = 0 (there is no fine tuning). From equations (3.18) and (3.20), we see that 0 < F < 1
for any N > 1. This implies that for finite N , unlike the superdeterministic model that satisfied
(3.11) and (3.12), the model is not completely fine tuned (but still fine tuned). Lastly, F = 1 in the
m
j
j
limit N → ∞. This is because vAB
(Λ, L)/V (Λ, L)
→ 0 as m → ∞. Note that both vAB
(Λ, L)
and V (Λ, L) do not depend on N , and that the result F = 1 does not depend on the condition
Λ → ∞.
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3.4

Conspiracy as spontaneous entropy drop
In the previous section, we quantified the conspiratorial character of superdeterministic

models of our scenario in terms of a fine tuning paramter F . The definition of F rests on the concept of quantum nonequilibrium since V (Λ) includes contributions from all possible configurations of
0
0
the hidden-variable distribution. For example, consider two distributions p(λ|{α}0 , {β}0 , γA
, γB
) and
00
00
0
00
0
00
p(λ|{α}00 , {β}00 , γA
, γB
), where MA ({α}0 , γA
) = MA ({α}00 , γA
) and MB ({β}0 , γB
) = MB ({β}00 , γB
).
0
0
00
00
For most of the configurations of p(λ|{α}0 , {β}0 , γA
, γB
) and p(λ|{α}00 , {β}00 , γA
, γB
), equation (3.4)

will not be satisfied. But the definition of F includes all these configurations as well in the quantity
V (Λ)Ω . This is natural in a nonequilibrium framework, where all hidden-variable distributions are
possible in principle. In this section, we give a quantification of superdeterministic conspiracy without using nonequilibrium distributions2 . This approach is more general also in the sense that λ and
p(λ|{α}, {β}, γA , γB ) do not have to be discrete. On the other hand, this approach is more limited
in that it is applicable only to superdeterministic models that satisfy the constraint (3.11). This
approach is, however, still widely applicable as all the superdeterministic models that have been
proposed in the literature so far posit a single distribution p(λ|MA , MB ). Therefore, those models
satisfy both constraints (3.11) and (3.12) when extended to our scenario.

To begin, we first remind ourselves of the conspiratorial nature of apparent-signalling in superdeterminism, as discussed in A. The violation of marginal-independence (or formal no-signalling)
does not imply actual signalling in a superdeterministic context. The local marginals and the distant settings are correlated, but the distant setting does not causally affect the local marginal. The
correlation is set up by the initial conditions. This appears to be a signal, because the distant setting
can be controlled by an experimenter and the local marginal is correlated with the experimenter’s
decisions. We, therefore, term superdeterministic signalling as apparent signalling. We will now
argue that an analogous situation occurs in superdeterministic models even in equilibrium.

2 Although there are compelling theoretical reasons [1, 68, 66] that motivate nonequilibrium extensions of hiddenvariable models, a debate about nonequilibrium, for the purposes of this article, is secondary to proving that superdeterministic models are unequivocally conspiratorial.
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Consider a superdeterministic model of our scenario that satisfies (3.11). Equation (3.11)
implies that there are runs for which λ is correlated only with the outputs αi and βj (for a given pair
(i, j)), and further, that these runs occur only when the experimenters choose γA = i and γB = j.
We may say that these runs belong to a sub-ensemble E = (i, j) having the hidden-variables distribution ρ(λ|αi , βj , γA = i, γB = j). There will be N 2 such sub-ensembles. However, although a
run belonging to (i, j) only occurs when the experimenters choose γA = i and γB = j, there is no
causal relationship between γA , γB and the sub-ensemble E. Therefore, as in the case of apparent
signalling, although it appears that the experimenters’ choices determine which sub-ensemble a particular run belongs to, it is simply the case that the initial conditions have arranged a functional
relationship E = (γA , γB ).

Note that this is true regardless of whether γA , γB are determined by human experimenters,
computer algorithms or any other device. It is also independent of N . Therefore, we have a situation where each setting mechanism is coincidentally used only when it is correlated with the hidden
variables. This appears conspiratorial intuitively. Below, we quantify this intuition as a spontaneous
decrease of an appropriately-defined subjective ‘entropy’ at the hidden-variables level.

Consider a superdeterministic model of our scenario that satisfies (3.11). Let there be N0
runs in total. Each run belongs to a particular sub-ensemble E = (i, j) out of N 2 possibilities. The
number of possible sequences of sub-ensembles over the N0 runs is
W = N 2N0

(3.21)

In quantum equilibrium, the experimenters cannot know which sequence, out of the W possibilities,
is actually the case. Suppose that by some means the experimenters find out the exact sequence.
Then, they can choose γA and γB values that do not match this sequence. In that case, the
Bell correlations will not be reproduced. But the measurement statistics cannot violate quantum
predictions if quantum equilibrium is assumed. Therefore, quantum equilibrium precludes knowledge of the sub-ensemble sequence by the experimenters. The experimenters may assign subjective
(Bayesian) probabilities to each possible sequence of sub-ensembles. Say the sequences are labelled
by k, where k ∈ {1, 2, ...W }. Then these subjective probabilities p(k) may be associated with a
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Expected

Observed

Figure 3.4: Illustration of spontaneous entropy drop in superdeterministic models. Each solid
ball represents a particular pair (γA , γB ) of setting mechanisms. Its colour represents the value
of (γA , γB ). Each socket represents an experimental run and its colour represents the sub-ensemble
E = (i, j) for that run. Initially, as shown in the middle figure, there are a number of balls kept in a
b, arranged in no particular order, along with an equal number of sockets. The superdeterministic
model is consistent only if E = (γA , γB ). Pictorially, this corresponds to matching the colours of
both the balls and the sockets. However, the experimenters do not have access to the information
‘which run belongs to which sub-ensemble’ in quantum equilibrium. That is, the experimenters know
the colours of the balls but not the colours of the sockets. One would expect that a situation like
that shown in the left-hand figure would therefore arise. However the experimenters always find out
that they have successfully matched each and every ball with its corresponding socket, as shown in
the right-hand figure. This is because the initial conditions ensure E = (γA , γB ) by a sequence of
exact coincidences according to superdeterminism. We quantify the amount of correlation required
for such a superdeterministic mechanism as a drop of an appropriately defined formal entropy.
formal mathematical entropy

S=−

W
X

p(k) log2 p(k)

(3.22)

k=1

This is the Shannon entropy of the distribution of sub-ensemble sequences over the N0 runs.
Note that this entropy is subjective in the sense that there is only one actual sequence for the experiment, but the experimenters have assigned probabilities p(k) to different sequences out of ignorance
of the actual sequence.

Next, let the experimenters determine the setting mechanisms (γA and γB ) for each run.
Constraint (3.11) implies that E = (γA , γB ) for each run. Therefore, one of the probabilities p(k)
then equals 1 and the rest are all 0. The associated entropy S = −1 log2 1 = 0, and the entropy has
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therefore decreased by

∆S =

W
X

p(k) log2 p(k)

(3.23)

k=1

As the experimenter at wing A (B) has to make no conscious effort to match γA (γB ) values with the sub-ensemble sequence, it is fair to say that this entropy decrease is spontaneous (see
Fig. 4). Note that ∆S = −H(k : {γA , γB }), where H(k : {γA , γB }) is the mutual information [69]
between the variables k and {γA , γB } (the set of γA , γB values for N0 runs). Note also that ∆S does
not depend on p(λ|MA , MB ) or p({γA , γB }).

It is important to assume equation (3.11) to derive this entropy decrease. Suppose that
equation (3.11) is not true. There are two possibilities in this case. First, λ is correlated to multiple setting mechanisms. In that case, the sub-ensembles and the associated entropy S cannot
be defined. Second, λ is correlated to individual setting mechanisms, but these are not the ones
chosen by the experimenters. In that case, the experimenters can assign probabilities p(k) to different sub-ensemble sequences as before. But, after choosing γA and γB for each run, the entropy S 6= 0.

We now evaluate the net spontaneous entropy drop for the simplest case that p(k) =
1/W ∀ k. In this case, the net entropy drop can be thought of as the sum over N0 runs of the
individual entropy drop for each run. The net entropy drop is found to be

∆S = −2N0 log2 N

(3.24)

In terms of mutual information, equation (3.24) implies that H(E : γA , γB ) = 2 log2 N . Let
us compare this with the mutual information between λ and the measurement settings for superdeterministic models of a Bell scenario for N = 1. Ref. [70] reports a superdeterministic model which
needs only ∼ 0.08 bits of mutual information between λ and the measurement settings. On the
other hand, equation (3.24) implies that for N = 16, H(E : γA , γB ) = 8 bits, which is ∼ 100 times
the mutual information required between λ and the measurement settings for the aforementioned
superdeterministic model. The extremely strong correlation between E and γA , γB arranged by the
initial conditions is a conspiratorial feature of superdeterministic models of our scenario. In the
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limit N → ∞, we have ∆S → ∞ and in this sense we may say that the superdeterministic model
becomes arbitrarily conspiratorial.

As in the previous approach, nonlocal and retrocausal models are not conspiratorial according to this approach. This is because the variables {α}, γA and {β}, γB can be excluded from
these models (see section 3.2), so that there are no sub-ensembles associated with different setting
mechanisms.

3.5

Discussion
We have provided two different ways to quantify the often-alleged conspiratorial character

of superdeterministic models, using intuitive suggestions from a previous article A. The first approach utilises the idea that different setting mechanisms lead to different measurement statistics
in general for a nonequilibrium superdeterministic model. We have shown that superdeterministic
models must be fine-tuned so that the measurement statistics depend on the measurement settings,
but not on how these settings are chosen. No features of quantum mechanics, such as the Born
rule, marginal-independence (formal no-signalling), non-contextuality etc. have been assumed in
deriving this result. Further, we have quantified the fine tuning by defining an overhead fine-tuning
parameter F . We calculated F for two different kinds of superdeterministic models of our scenario.
We first considered superdeterministic models as usually proposed in the literature, with a single
hidden-variables distribution p(λ|MA , MB ). The fine tuning for such a model is drastic as F = 1
(corresponding to ‘completely fine tuned’) for any N > 1. This result makes use of the condition
Λ → ∞ from Hardy’s ‘excess-baggage’ theorem [67]. We have also considered more general superdeterministic models of our scenario. For these general models, F < 1 for any N > 1. In the limit
N → ∞, F = 1. This result does not depend on the condition Λ → ∞.

It is useful to discuss some possible misunderstandings about this result. One might argue
that, in a nonequilibrium framework, an enormous amount of fine-tuning is inevitable anyway just
to restrict outcomes to the Born rule. A bit more fine-tuning is therefore perhaps nothing to be
concerned about. A counter example to such an argument would be the pilot-wave theory, where no
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fine tuning is necessary to reproduce the Born rule, even when nonequilibrium is allowed. This is
because a nonequilibrium distribution in pilot-wave theory dynamically relaxes to the equilibrium
distribution over time, given appropriate assumptions about the initial distribution [9, 11]. Note
that equilibration as an explanation of fine tuning is noted in the causal modelling literature as well
[71, 34]. Another possibility is that one might argue that an un-fine-tuned (F = 0) classical universe
will have a high-entropy past. The fine-tuning argument applied to our universe would therefore
prove that a low-entropy past is very unlikely, disproving the second law of thermodynamics. However, there remain ambiguities about whether the entropy of the whole universe is a well-defined
concept because of the role of gravity [72]. In the early universe, this problem is severe because
gravitational effects cannot be ignored. Therefore, it is not clear at present whether an explanation
of thermodynamics in terms of a low-entropy past of the universe can be given.

The parameter F quantifies how special the hidden-variables distribution has to be so that
the measurement statistics depend only on the measurement settings. Clearly, the notion of ‘special’ is meaningful only when there are multiple possible distributions, that is, if nonequilibrium is
allowed (at least in principle). Those who consider nonequilibrium distributions to be unmotivated
may find this approach to be artificial. We have, therefore, provided a second way to quantify the
conspiracy, which does not use nonequilibrium distributions.

The second approach uses another idea from A that the violation of marginal independence (formal no-signalling) in superdeterministic models in nonequilibrium does not imply actual
signalling. This leads to the intuitively conspiratorial situation where two experimenters can use
marginal dependence as a practical signalling procedure without actually sending signals. In this
case, the entire sequence of messages exchanged between the experimenters is interpreted as a statistical coincidence. Analogous to this, for a superdeterministic model of our scenario restricted to
equilibrium, there occurs a one-to-one correspondence between the experimenters’ choice of setting
mechanisms and the sub-ensemble values for all runs. But this correspondence is, again, only a
sequence of statistical coincidences. This appears conspiratorial as it shows that the initial conditions in superdeterministic models of our scenario need to arrange extremely strong correlations.
Note that there have been several studies of the amount of correlation required between λ and the
measurement settings in superdeterministic models [31, 28, 42, 70]. A low correlation value might
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be interpreted in favour of superdeterministic models on grounds of efficiency (as has been suggested
for retrocausal models in ref. [70]). Our argument shows that this would be incorrect: there has to
be an extremely strong correlation (one-to-one correspondence) between the experimenters’ choices
and the sub-ensemble values in our scenario regardless of the strength of correlation between λ and
the measurement settings. We quantify the correlation as a formal entropy drop ∆S defined at the
hidden-variables level. We show that ∆S → ∞ logarithmically fast with N , and in this sense we
may say that the equilibrium superdeterministic model becomes arbitrarily conspiratorial as N → ∞.

Nonlocal and retrocausal models of our scenario are non-conspiratorial by definition according to either approach, as the variables related to the different setting mechanisms and experimenters’
choices can be eliminated from the model description. Note that nonlocal, retrocausal and superdeterministic models are all conspiratorial in the sense that they require fine-tuning in order to satisfy
marginal independence (formal no-signalling) [1, 34], unless a dynamical explanation of finetuning
is given [9, 11, 60]. Our results here are concerned only with the notion of superdeterministic conspiracy (see A).

We have quantitatively proven that superdeterministic models are conspiratorial in two
different ways. What are the possible options for a future superdeterminist? Let us consider the
possible options for circumventing our two arguments separately. Consider first the fine-tuning argument. One option to evade fine tuning might be to eschew the possibility of quantum nonequilibrium.
This will involve abandoning the distinction between initial conditions and laws, which is a central
principle in scientific theories. Palmer seems to advocate such an approach [50, 45]. However, his
model still appears to assume an equilibrium distribution over certain parameters, a distribution
which could in principle be different3 . Another option might be to build a superdeterministic model
with a dynamical relaxation mechanism such that an arbitrary distribution that does not satisfy
equation (3.3) evolves over time to a distribution that satisfies it.4 For example, dynamical relaxation to the equilibrium distribution is a natural consequence of the evolution law in pilot-wave
theory [9, 11, 60]. In such a superdeterministic model, however, small deviations from equilibrium
may occur. This is because relaxation to the equilibrium distribution may get delayed due to various
3 See

ref. [53] for a detailed discussion of Palmer’s proposal in a hidden-variables framework.
appropriate assumptions about the initial distribution, as in classical statistical mechanics [73].

4 Given

48

factors [66, 60]. For quantum systems trapped in nonequilibrium, the superdeterministic model will
predict the violation of condition (3.3). One may use this to experimentally test such a superdeterministic model in the nonequilibrium regime. Let us now consider the spontaneous entropy drop
argument. This approach does not depend on quantum nonequilibrium, but it is applicable only
to models that satisfy condition (3.11). Therefore, a superdeterministic model that violates condition (3.11) can circumvent this argument. However, in such a model λ will not only be correlated
with the physical variables that determine the measurement settings, but also with other physical variables that might have been used by the experimenters to choose the settings. These other
variables could in principle be any variable from the entire observable universe. A superdeterministic model that violates (3.11) would therefore appear to exchange one kind of conspiracy for another.

We conclude that, at least as they are currently understood, superdeterministic models
are conspiratorial. On this basis it seems fair to conclude that superdeterminism, as a possible
explanation of the Bell correlations, is scientifically unattractive.

49

Chapter 4

A local ψ-epistemic retrocausal
hidden-variable model of Bell
correlations with wavefunctions in
physical space
Adapted from I. Sen. A local ψ-epistemic retrocausal hidden-variable model of Bell correlations with wavefunctions in physical space. Found. Phys, 49(2), 2019.

Abstract
We construct a local ψ-epistemic hidden-variable model of Bell correlations by a retrocausal
adaptation of the originally superdeterministic model given by Brans. In our model, for a pair of
particles the joint quantum state |ψe (t)i as determined by preparation is epistemic. The model also
assigns to the pair of particles a factorisable joint quantum state |ψo (t)i which is different from
the prepared quantum state |ψe (t)i and has an ontic status. The ontic state of a single particle
consists of two parts. First, a single particle ontic quantum state χ(~x, t)|ii, where χ(~x, t) is a 3space wavepacket and |ii is a spin eigenstate of the future measurement setting. Second, a particle
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position in 3-space ~x(t), which evolves via a de Broglie-Bohm type guidance equation with the 3space wavepacket χ(~x, t) acting as a local pilot wave. The joint ontic quantum state |ψo (t)i fixes the
measurement outcomes deterministically whereas the prepared quantum state |ψe (t)i determines the
distribution of the |ψo (t)i’s over an ensemble. Both |ψo (t)i and |ψe (t)i evolve via the Schrodinger
equation. Our model exactly reproduces the Bell correlations for any pair of measurement settings.
We also consider ‘non-equilibrium’ extensions of the model with an arbitrary distribution of hidden
variables. We show that, in non-equilibrium, the model generally violates no-signalling constraints
while remaining local with respect to both ontology and interaction between particles. We argue
that our model shares some structural similarities with the modal class of interpretations of quantum
mechanics.

4.1

Introduction
One of the most important contributions to the long standing debate about the physical

interpretation of Quantum Mechanics (QM) is Bell’s theorem [7], which proved that any hiddenvariable completion of QM as envisaged by EPR [20] must be nonlocal. It has however often been
under-emphasized in the literature that the theorem makes an important assumption about the
relationship between the hidden-variables and the measurement settings.

The assumption is that the hidden variables describing the quantum systems, and the measurements that these systems are subjected to in future, are uncorrelated. That is, the following is
assumed about the hidden-variable distribution:

ρ(λ||ψi, M ) = ρ(λ||ψi)

(4.1)

where the hidden-variables are labelled by λ, the preparation by quantum state |ψi, and the observable being measured (or the measurement basis) by M . This assumption, often termed as Measurement Independence [27, 41] in recent literature, is necessary to rule out local hidden-variable models
of QM via Bell’s theorem. There are atleast two physically different kinds of hidden-variable models
where Measurement Independence fails, thereby circumventing the theorem.

51

Superdeterministic models posit that the hidden variables and the measurement settings are
correlated by common causes in the past. Such models attempt to explain the Bell correlations by
yet another correlation, now at the hidden-variable level - correlation between the hidden variables
which describe the quantum systems and the hidden variables which determine the measurement
settings, due to past common causes. However, how can we be sure such common causes always exist
whenever a Bell inequality violation is observed, or that such correlations at the hidden-variable level
are exactly of the magnitude to reproduce the Bell correlations at the quantum level, each time? For
such reasons they have been widely criticised in the literature as ‘conspiratorial’ [33, 35], with some
important exceptions [26, 32]. Recently experiments, which employ cosmic photons to determine the
measurement settings, have been proposed [74] and conducted [54] which severely constrain these
models.

Retrocausal models on the other hand posit that the measurement settings act as a cause
(in the future) to affect the hidden-variable distribution during preparation (in the past). This is
highly counterintuitive to our sense of causality and time, but its proponents [25, 15, 39] claim it is
our latter notions that are suspect at the microscopic level. Both kinds of models have implications
for the most important questions in the interpretation of QM - the reality of the quantum state, and
nonlocality, but there are at present few models of either type in literature. In this article we present
a local retrocausal model of Bell correlations, adapting a model given by Brans [26] in the 1980s,
who presented it as an example to argue in favour of superdeterminism. The Brans model itself
has been generalised to arbitrary preparations and measurements [28], and proven to be maximally
ψ-epistemic in any number of dimensions of Hilbert space [75].

We also consider arbitrary distributions of hidden variables in our model, that do not reproduce the Bell correlations. Valentini [?, 1] has argued that hidden-variable models must accomodate
non-fine-tuned or ‘non-equilibrium’ distributions which do not reproduce the QM predictions. This
is because initial conditions do not have the status of a law in a theory, but are instead contingent.
The same conclusion can also be drawn from the more recent work by Wood and Spekkens [34],
who have criticised causal explanations of Bell correlations as being ‘conspiratorial’, in the sense
that such models require a fine tuning in the hidden-variable distribution to be non-signalling. If
we take the concept of a hidden variable model underlying QM seriously, it follows that QM is a
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special case of a fine-tuned distribution in the hidden-variable model, which itself contains a much
wider physics described by non-equilibrium distributions. Astrophysical and cosmological tests for
the existence of such non-equilibrium distributions have been proposed [66]. We therefore discuss a
non-equilibrium extension of our model, and explore the interplay between locality, retrocausality
and no-signalling.

The structure of this paper is as follows. We first take the superdeterministic model given by
Brans and present its equations without invoking any physical interpretation (superdeterministic or
retrocausal or otherwise) of correlation between the hidden variables and the measurement settings.
Then we provide a retrocausal interpretation, present our model in detail and show how it reproduces
the Bell correlations. Next we consider non-equilibrium extensions of the model, and show that a
non-fine-tuned distribution of hidden variables leads to nonlocal signalling in general. We conclude
by discussing properties of the model and its connection with modal interpretations of QM.

4.2

The Brans model
Consider the standard Bell scenario [62], where two spin-1/2 particles are prepared in a

spin-singlet state and then local measurements σ̂â ⊗ Iˆ and Iˆ ⊗ σ̂b̂ are subsequently performed on the
particles at a spacelike separation1 . Let λ0i and λ0j , i, j ∈ {+, −}, be local hidden-variables describing
the two particles, and let their distribution be given by

p(λ0i , λ0j ||ψsinglet i, σ̂â , σ̂b̂ ) = |hψsinglet |(|iiâ ⊗ |jib̂ )|2

(4.2)

where |iiâ(b̂) denotes an eigenstate of σ̂â(b̂) . The local outcomes are specified by

A(λ0i ) = i

(4.3)

B(λ0j ) = j

(4.4)

The model reproduces Bell correlations:
1 σ̂
â(b̂)

≡ σ̂ · â(b̂)
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hσ̂â ⊗ σ̂b̂ i =

X

A(λ0i )B(λ0j )p(λ0i , λ0j ||ψsinglet i, σ̂â , σ̂b̂ )

(4.5)

i.j.|hψsinglet |(|iiâ ⊗ |jib̂ )|2

(4.6)

ij

=

X
ij

= |hψsinglet |(|+iâ ⊗ |+ib̂ )|2 − |hψsinglet |(|+iâ ⊗ |−ib̂ )|2
− |hψsinglet |(|−iâ ⊗ |+ib̂ )|2 + |hψsinglet |(|−iâ ⊗ |−ib̂ )|2

(4.7)

The model satisfies locality and determinism, from eqns. 4.3 and 4.4. But it does not satisfy
Measurement Independence from equation 4.2, as the hidden-variable distribution depends on the
measurement settings σ̂â and σ̂b̂ .

4.3

A retrocausal interpretation of the Brans model
We now lend a retrocausal interpretation to the equations of the Brans model. We first

posit that the information about measurement settings made in the future, σ̂â ⊗ Iˆ and Iˆ ⊗ σ̂b̂ , is
made available to the particles at the preparation source in the past, by an as yet not understood
‘retrocausal mechanism’. This causes the particles to be prepared in one of the eigenstates of the
future measurement settings. That is, the pairs of particles are prepared in one of these joint spin
states: |+iâ ⊗ |+ib̂ , |+iâ ⊗ |−ib̂ , |−iâ ⊗ |+ib̂ , |−iâ ⊗ |−ib̂ 2 .

Hence each particle is described in our model by an ontic quantum state of the form χ(~r, t)|ii,
i ∈ {+, −}, where χ(~r, t) is a single particle 3-space wavepacket and |ii is an eigenstate of the
future measurement setting. The pair of particles is described by the initial joint ontic quantum
state h~r1 |h~r2 |ψo (0)i = χ1 (~r1 , 0)|i1 iâ ⊗ χ2 (~r2 , 0)|i2 ib̂ . We term the preparation-determined quantum
state h~r1 |h~r2 |ψe (0)i = χ1 (~r1 , 0)χ2 (~r2 , 0)|ψsinglet i as the epistemic quantum state. Both the joint

ontic quantum state with two single particle 3-space wavepackets χ1 (~r1 , t) and χ2 (~r2 , t) and the

epistemic quantum state with a single configuration space wavepacket χ12 (~r1 , ~r2 , t) in general
evolve via the Schrodinger equation in our model.

2 The

role of the preparation-determined quantum state |ψsinglet i in our model is explained below.
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Figure 4.1: Schematic illustration of our model. A preparation device P prepares a quantum state
h~r1 |h~r2 |ψe (0)i = χ1 (~r1 , 0)χ2 (~r2 , 0)|ψsinglet i of the two spin-1/2 particles. The detectors D1 and
D2 are set, at the spacetime regions indicated, to measure the observables σ̂â ⊗ Iˆ and Iˆ ⊗ σ̂b̂
respectively. This information about the measurement settings is made available at P retrocausally, and fixes the ontic quantum state of the two particles to an eigenstate h~r1 |h~r2 |ψo (0)i =
χ1 (~r1 , 0)|i1 iâ ⊗ χ2 (~r2 , 0)|i2 ib̂ , where i1 , i2 ∈ {+, −} are chosen randomly. Both |ψe (t)i and |ψo (t)i
evolve via the Schrodinger equation. The wavepackets χ1 (~r1 , t) and χ2 (~r2 , t) act as local pilot waves
for the corresponding particles via equation 4.8. The resulting dynamics deterministically fixes the
measurement outcomes for an individual case. The preparation-determined quantum state |ψe (t)i
plays a purely statistical role of determining the distribution of the various ontic quantum states for
an ensemble.
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We next posit that each particle has a definite position at all times, with velocity given by

~v =

~ r, t)
∇S(~
m

(4.8)

where χ(~r, t) = R(~r, t)eiS(~r,t) is the 3-space wavepacket of that particle, contained in the ontic quantum state. The trajectory of the particle (and hence the measurement outcome) is thus determined
locally by the single-particle ontic quantum state. This completes description of the ontology of our
model. We now turn to describe the distribution of these hidden variables for an ensemble of pairs
of particles having the same epistemic quantum state |ψe (0)i.

We first assume that the expansion of the preparation-determined (epistemic) quantum state
in the future measurement basis

|ψsinglet i = c++ |+ib̂ |+iĉ + c+− |+ib̂ |−iĉ + c−+ |−ib̂ |+iĉ + c−− |−ib̂ |−iĉ

(4.9)

determines the ensemble-proportions |c++ |2 , |c+− |2 , |c−+ |2 , |c−− |2 of the initial joint ontic quantum
states χ1 (~r1 , 0)|+iâ ⊗χ2 (~r2 , 0)|+ib̂ , χ1 (~r1 , 0)|+iâ ⊗χ2 (~r2 , 0)|−ib̂ , χ1 (~r1 , 0)|−iâ ⊗χ2 (~r2 , 0)|+ib̂ , χ1 (~r1 , 0)|−iâ ⊗
χ2 (~r2 , 0)|−ib̂ respectively. Thus the preparation-determined (epistemic) quantum state plays a purely
statistical role in our model. We will see later that the statistical relationship between the epistemic
and ontic quantum states is preserved with time (see equations 4.12 and 4.14).

Our second assumption is about the initial distribution of the positions of particles. Consider an ensemble of pairs of particles having the same joint ontic quantum state χ1 (~r1 , 0)|i1 iâ ⊗
χ2 (~r2 , 0)|i2 ib̂ . Let the initial distribution of positions for this ensemble be denoted by ρi1 i2 (~r1 , ~r2 , 0).
We assume that ρi1 i2 (~r1 , ~r2 , 0) = |χ1 (~r1 , 0)|2 |χ2 (~r2 , 0)|2 . Since |ψo (t)i evolves via the Schrodinger
equation, the corresponding continuity equation3 defines time evolution of the respective ensemble
distribution ρi1 i2 (~r1 , ~r2 , t). The distribution of positions over all the ensembles at any time is given
2

~
~ · (|ψ|2 ∇S
Schrodinger equation − ∇2mψ + V (~
x)ψ = i ∂ψ
implies the continuity equation ∇
)+
∂t
m
iS(~
x
,t)
~
ψ(~
x, t) = R(~
x, t)e
. Here ~
x represents a point in, and ∇ is acting on, the configuration space.
3 The
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∂|ψ|2
∂t

= 0 where

by

ρ(~r1 , ~r2 , t) =

X

|ci1 i2 |2 ρi1 i2 (~r1 , ~r2 , t)

(4.10)

i1 ,i2

Note that: a) the distribution of the joint ontic quantum states given by equation 4.9 is
identical to the distribution of (λ0i , λ0j ) in equation 4.2; and b) the spin eigenket |ii of the future
measurement setting, contained in the ontic quantum state, determines the local measurement outcome analogous to the hidden variable λ0i in equation 4.3. This establishes the connection to the
Brans model, which was originally proposed as superdeterministic.

Now let us describe the measurement process. First, the measuring apparatus creates
a correlation between the positions of particles and their spins (along the directions chosen by
experimenters). For this stage of the measuring process, we assume an interaction Hamiltonian
ĤI = g(p̂x̂1 ⊗ σ̂â ⊗ Iˆ ⊗ Iˆ + Iˆ ⊗ Iˆ ⊗ p̂x̂2 ⊗ σ̂b̂ ). Here g is a constant proportional to the strength of
interaction, and p̂x̂1 and p̂x̂2 are the momenta conjugate to x̂1 and x̂2 respectively4 . The constant
g is assumed to be large enough so that, in the time interval ĤI is acting, the remaining terms in
the Hamiltonian can be ignored, i.e Ĥ ≈ ĤI . Let us first consider the evolution of the epistemic
quantum state |ψe (0)i:
h~r1 |h~r2 |ψe (t)i = h~r1 |h~r2 |e−iĤt |ψe (0)i

(4.11)

= c++ χ1 (~r1 − gtx̂, 0)χ2 (~r2 − gtx̂, 0)|+iâ |+ib̂ + c+− χ1 (~r1 − gtx̂, 0)χ2 (~r2 + gtx̂, 0)|+iâ |−ib̂
+ c−+ χ1 (~r1 + gtx̂, 0)χ2 (~r2 − gtx̂, 0)|−iâ |+ib̂ + c−− χ1 (~r1 + gtx̂, 0)χ2 (~r2 + gtx̂, 0)|−iâ |−ib̂

(4.12)

We see from the above expression that over time the configuration space wavepacket evolves into
four effectively disjoint eigenpackets.

Now consider what happens to an ontic quantum state |ψo (0)i = |χ1 i|i1 iâ ⊗ |χ2 i|i2 ib̂ . From
4 Here ~
r1 ≡ x1 x̂ + y1 ŷ + z1 ẑ and ~
r2 ≡ x2 x̂ + y2 ŷ + z2 ẑ, where x̂, ŷ, ẑ are unit vectors along x, y and z axes
respectively.
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the Schrodinger equation, using the same interaction Hamiltonian we find

h~r1 |h~r2 |ψo (t)i = h~r1 |h~r2 |e−iĤt |ψo (0)i
= χ1 (~r1 − i1 gtx̂, 0)|i1 iâ ⊗ χ2 (~r2 − i2 gtx̂, 0)|i2 ib̂

(4.13)
(4.14)

We see that the joint ontic quantum state remains factorisable at all times, and that the
single-particle wavepackets χ1 (~r1 , t) and χ2 (~r2 , t) separate in physical space in a manner that depends
on the ontic spin states |i1 iâ and |i2 ib̂ respectively. Further, since the single-particle wavepackets
act as pilot waves for the corresponding particles (from equation 4.8), the particle trajectories also
separate in physical space. From equations 4.12 and 4.14, we note that, as expected, |ψe (t)i continues to describe an ensemble distribution of various |ψo (t)i’s over time. The ensemble distribution
|ci1 i2 |2 of ontic quantum states remains constant throughout since |hψo (0)|ψe (0)i|2 = |hψo (t)|ψe (t)i|2 .

After the wavepackets corresponding to different spin eigenvalues have sufficiently separated from each other, the positions of the particles are measured. This is usually in the form of
a photographic plate on which the particles impinge after the interaction Hamiltonian has been
turned off. Since, for a particular joint ontic quantum state, the distribution of positions is given
by ρi1 i2 (~r1 , ~r2 , t) = |χ1 (~r1 − i1 gtx̂, 0)|2 |χ2 (~r2 − i2 gtx̂, 0)|2 , each particle impinges on the plate in the
appropriate region, which allows us to discern which wavepacket it belonged to and hence its spin.
The probability of obtaining a particular pair of results {i1 , i2 } is equal to the probability of having
a particular joint ontic quantum state in the ensemble of pairs of particles. The latter probability
equals |ci1 i2 |2 , and the Bell correlations are thus exactly reproduced.

4.4

Effective nonlocal signalling in non-equilibrium
The discussion up till now has assumed a particular initial distribution of hidden variables

that exactly reproduces the Bell correlations. We now discuss a ‘non-equilibrium’ extension of our
model having an arbitrary distribution of hidden variables. The dynamics of the model is kept unchanged: the joint ontic quantum state and the epistemic quantum state evolve via the Schrodinger
equation, and the position of each particle is guided locally by its corresponding 3-space wavepacket
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just as before.

Our model has two distinct hidden-variable distributions - the distribution of positions of
particles in 3-space, and the distribution of ontic quantum states. We separately consider nonequilibrium for these two distributions.

4.4.1

Non-equilibrium for the distribution of positions
Suppose the initial distributions of positions are given by arbitrary ρi1 i2 (~r1 , ~r2 , 0), i1 , i2 ∈

{+, −}, instead of |χ1 (~r1 , 0)|2 |χ2 (~r2 , 0)|2 , while the distribution of ontic quantum states remains in
equilibrium. The position distributions evolve via the equation
~ ii
∂ρi1 i2 (~r1 , ~r2 , t) ~
∇S
1 2
+ ∇ · (ρi1 i2 (~r1 , ~r2 , t)
)=0
∂t
m

(4.15)

where the density |χ1 (~r1 − i1 gtx̂, 0)|2 |χ2 (~r2 − i2 gtx̂, 0)|2 has been replaced by ρi1 i2 (~r1 , ~r2 , t) in the
continuity equation. It is clear that, as long as the interaction Hamiltonian acts for a sufficient
period of time, the trajectories of particles belonging to different ontic quantum states will separate,
regardless of the initial distribution of position. Thus the final positions where the particles strike the
photographic plate will continue to yield unambiguous measurement results. Since the distribution
of measurement outcomes is fixed by the distribution of ontic quantum states, the outcome probabilities remain unchanged. Hence a violation of no-signalling predicated on outcome probabilities is
ruled out. However, as we show below, the local (marginal) position distribution, which determines
the shapes of spots formed on the photographic plate over time at one wing, will depend on the
measurement setting at the other wing. Thus, no-signalling predicated on position probabilities will
still be violated5,6 .

Consider for instance the shapes of spots on the photographic plate corresponding to the
local outcomes |+iâ and |−iâ . These will be determined by the local distribution of position of the
5 In general, no-signalling is violated if the local probability of an event A depends non-trivially on an event B
which is space-like separated from the event A, i.e p(A|B) 6= p(A|B 0 ).
6 Since measurement outcomes are inferred from position measurements, it is logically impossible to have signalling
in the outcome distribution without signalling in the position distribution. If there is signalling in the position
distribution without signalling in the outcome distribution, only the shapes of spots at one wing can have a nontrivial dependence on the measurement setting at the other wing.

59

first particle over all ensembles. From equation 4.10
Z
ρ(~r1 , t) ≡

d~r2 ρ(~r1 , ~r2 , t) =

X

2

Z

|ci1 i2 |

d~r2 ρi1 i2 (~r1 , ~r2 , t) ≡

i1 ,i2

X

|ci1 i2 |2 ρi1 i2 (~r1 , t)

(4.16)

i1 ,i2

For the singlet state, we know that
1 − â · b̂
4
1
+
â · b̂
|c+− |2 = |c−+ |2 =
4
|c++ |2 = |c−− |2 =

(4.17)

Plugging in the values in equation 4.16, we find

ρ(~r1 , t) =

1 − â · b̂
1 + â · b̂
1 + â · b̂
1 − â · b̂
ρ++ (~r1 , t) +
ρ+− (~r1 , t) +
ρ−+ (~r1 , t) +
ρ−− (~r1 , t) (4.18)
4
4
4
4

We know that, in the case of the equilibrium distribution

ρ(~r1 , t) =

|χ1 (~r1 − gtx̂, 0)|2 + |χ1 (~r1 + gtx̂, 0)|2
2

(4.19)

so that the shape of the spot corresponding to |+iâ is given by |χ1 (~r1 − gtx̂, 0)|2 , and that corresponding to |−iâ is given by |χ1 (~r1 + gtx̂, 0)|2 . Both the shapes are independent of the measurement
settings. But if ρi1 i2 (~r1 , t) are arbitrary, then it is clear from equation 4.18 that the local position
distribution ρ(~r1 , t) will depend on the measurement setting chosen at the other wing of the experiment. Given that the outcome distribution has no such dependence, we conclude that the shapes of
spots formed on the photographic plate will be influenced by the measurements setting at the other
wing. This will constitute a signal from one wing of the experiment to the other.

4.4.2

Non-equilibrium for the distribution of ontic quantum states
Let us now consider the case of a non-equilibrium distribution of only the ontic quan-

tum states. The equilibrium distribution is given by the modulus squared of the coefficients ci1 i2 ,
i1 , i2 ∈ {+, −}, in equation 4.9. Consider a non-equilibrium distribution defined by a different set
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of coefficients c0i1 i2 having the following relationship with the equilibrium distribution
|c−− |2
3
2
|c
−− |
|c0+− |2 = |c+− |2 +
3

|c0++ |2 = |c++ |2 +

(4.20)

|c0−+ |2 = |c−+ |2
|c0−− |2 =

|c−− |2
3

Since, as noted in the previous section, the equilibrium distribution |ci1 i2 |2 is time-independent,
the non-equilibrium distribution |c0i1 i2 |2 as defined above is also time-independent7 . Now consider
the local probability of getting a |+iâ outcome. This will be equal to |c0++ |2 + |c0+− |2 = |c++ |2 +
|c+− |2 + 2 ×

|c−− |2
.
3

Using equation 4.17, this turns out to be

4−â·b̂
6 .

The expression depends on

the measurement setting at the other wing b̂, violating the no-signalling constraints predicated on
outcome probabilities.

Will the shapes of spots formed on the photographic plate at one wing also depend on
the measurement setting at other wing? Replacing |ci1 i2 |2 by |c0i1 i2 |2 in equation 4.10 and using
equations 4.17 and 4.20, the marginal distribution of the position of the first particle turns out to
be

ρ(~r1 , t) =

4 − â · b̂
2 + â · b̂
|χ1 (~r1 − gtx̂)|2 +
|χ1 (~r1 + gtx̂)|2
6
6

(4.21)

which indicates that the shape of the spot corresponding to |+iâ is given by |χ1 (~r1 − gtx̂, 0)|2 , while
that corresponding to |−iâ is given by |χ1 (~r1 + gtx̂, 0)|2 . Both the shapes are independent of the
measurement settings (only the relative proportion of outcomes depends on the measurement settings). Thus, in the case of a non-equilibrium distribution of the ontic quantum states, there is no
effect on the shapes of spots formed on the photographic plate.

The nonlocal transfer of information, in either case of non-equilibrium, is achieved by a
Lorentz-covariant local dynamics. The measurement setting σ̂b̂ retrocausally influences the distribution of positions (ontic quantum states) at the time of preparation, and this in turn influences the
7 We

do not concern ourselves here with the question of a relaxation mechanism to the equilibrium distribution.
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Figure 4.2: Schematic illustration of ‘effective nonlocal signalling’ in non-equilibrium. The red lines
in the figure indicate the flow of information from D2 to D1 . The measurement setting Iˆ ⊗ σ̂b̂
made in the space-time region indicated by D2 retrocausally influences the distribution of hidden
variables at preparation source P. This distribution in turn influences the local probabilities at D1
(in non-equilibrium). Though the signal is nonlocal, the underlying dynamics is local
.
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local position probabilities (local outcome probabilities) at the other wing, at a space-like separated
point, via a ‘zigzag’ path in space-time not exceeding the speed of light (see Fig. 2). Since the local
probabilities depend on an event that is space-like separated, we may term it as ‘effective nonlocal
signalling’.

4.5

Discussion and Conclusion
Each particle in our model has an ontology consisting of position in 3-space and an ontic

quantum state. It might at first appear that position is not necessary as a hidden variable, since the
ontic quantum state already has a spin eigenket which determines the measurement outcome. But
without including position in the ontology, there would be no way to account for the final spot on
the photographic plate without a collapse of the 3-space wavepacket (in this model).

It might also be mistakenly thought that the model is ψ-ontic since there is an ontic quantum state |ψo (t)i in the hidden-variable description. But this state must be distinguished from
the preparation-determined (epistemic) quantum state |ψe (t)i. The set of possible |ψo (t)i’s in an
experiment is determined only by the future measurement settings. It is only in the ensemble distribution of different |ψo (t)i’s that |ψe (t)i plays a role in our model. This can be readily seen if
we prepare two different epistemic quantum states (say a singlet state |ψe (0)isinglet and a triplet
state |ψe (0)itriplet ) and subject both to the same Bell measurement. The set of possible |ψo (0)i0 s
will be identical, reflecting overlap in the hidden-variable space of |ψe (0)isinglet and |ψe (0)itriplet . In
other words, given knowledge of the hidden variable |ψo (0)i, it will be impossible to determine which
preparation-determined quantum state it belongs to. Thus our model is by definition ψ-epistemic
[17, 16]. Further, our ontic quantum state is always factorisable and contains 3-space wavepackets
for the two particles, whereas the preparation-determined quantum state is entangled and contains
a configuration space wavepacket in general.

We have discussed the signalling properties of our model given a non-equilibrium distribution of the hidden variables. If only the distribution of the positions of particles is in non-equilibrium,
the local position probabilities at one wing depend on the measurement setting at the other wing,
but the local outcome probabilities are unaffected. This leads to the following effect: the shapes of
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spots formed on the photographic plate at one wing are influenced by the measurement setting at
the other wing. If instead, only the distribution of the ontic quantum states is in non-equilibrium,
the local outcome probabilities at one wing depend on the measurement setting at the other wing,
but the shapes of the spots are unaffected. Hence, non-equilibrium in each hidden variable distribution causes no-signalling to be violated in a different way. Since the dynamics of the model is
local throughout, we conclude that retrocausality may provide a means for such violations while
retaining Lorentz covariance at the hidden variable level. From our viewpoint this is an attractive
positive feature of retrocausal hidden-variable models which suggests a solution to the problem of
fine-tuning pointed out by Wood and Spekkens[34]. Unlike other authors [76, 22] who have appealed
to the symmetries in retrocausal models in order to justify the fine-tuning, we believe that a more
straightforward answer can be given by rejecting fine-tuning as an inevitable feature of retrocausal
models and no-signalling as a fundamental feature of Nature. Then the task ahead would be twofold. First, to give an explanation why the quantum systems accessible to us have the equilibrium
no-signalling distribution of hidden variables instead of an arbitrary signalling distribution. Such
an explanation can be either dynamical, in which case the emergence over time of the no-signalling
equilibrium distribution from an arbitrary signalling distribution will have to be shown, or it can be
all-at-once[48], in which case the emergence of no-signalling equilibrium distribution will have to be
shown as a consequence of boundary conditions both in the past and the future. Second, to address
the apparent paradoxes involving retrocausal signalling possible for a non-equilibrium distribution.

Our model has a connection to the modal class of interpretations of QM [77]. These describe
a quantum system by two states, a dynamical state and a value state. The dynamical state determines which physical properties the quantum system may possess, while the value state determines
which physical properties the system actually possesses, at a certain instant. The dynamical state is
identified as the usual quantum state in Hilbert space, but the definition of the value state depends
on the particular modal interpretation. The dynamical state evolves via the Schrodinger equation,
while the value state usually has a more complicated evolution law. We see that our model fits
into the category of a ‘modal interpretation of Bell correlations’ but with retrocausality. The state

|ψe (t)i is the dynamical state as in other modal interpretations. We identify ~r1 (t), ~r2 (t), |ψo (t)i as
the value state for our model. Analogous to modal interpretations, our value state determines which
physical properties are actually possessed by the quantum system of two spin-1/2 particles subjected
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to Bell measurements. These are the positions of particles in 3-space ~r1 (t) and ~r2 (t), the 3-space
ontic wavepackets χ1 (~r1 , t) and χ2 (~r2 , t), and the ontic spin eigenstates of the future measurement
settings |i1 iâ and |i2 ib̂ . The positions evolve via equation 4.8, whereas the joint ontic quantum state
evolves via the Schrodinger equation. The dynamical state determines the probability of a particular
value state via equations 4.9 and 4.10 (in equilibrium). It can be asked if, like modal interpretations, our model treats the measurement process as an ordinary physical interaction. This can be
answered only if the retrocausal mechanism alluded to in section 4.3, by which information about
future measurement settings is made available retrocausally at the preparation source, is defined in
physical terms rather than assumed in an ad hoc manner as done presently.

The present work can be compared to some previous attempts in the literature to introduce
wavefunctions in physical space. Sutherland [47] developed a local retrocausal de Broglie-Bohm
type model which, under some conditions on the configuration space wavefunction at a future time,
assigns a 3-space wavefunction to each particle in the past. However, the probability density for
position is not non-negative in that model. Norsen et al. [78, 79] use conditional de Broglie-Bohm
wavefunctions, which can be argued to represent wavefunctions in physical space, to develop two
models for spinless particles. One of these requires a highly redundant ontic space in order to reproduce QM predictions. The other has a reduced ontological complexity at the cost of reproducing
QM predictions only approximately. Both models have nonlocal interactions between the particles.
Gondran et al. [80] develop a nonlocal model for Bell correlations which attributes a 3-space wavefunction to each particle, but the full quantum state is part of the hidden-variable description (hence
the model is ψ-ontic). In contrast, the model we have presented does not suffer from negative probabilities, exactly reproduces the QM predictions without a high ontological complexity, is local as
regards ontology and interactions between particles, and has a clean ontological separation between
the single particle ontic quantum states with 3-space wavepackets and the epistemic preparationdetermined quantum state with configuration space wavepackets8 . However, the model as currently
presented is restricted to Bell correlations, and the retrocausality is assumed in an ad hoc manner.

8 It is interesting to note that the prototype of our model was pre-empted by Corry [81], who however did not
formally develop the idea.
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Chapter 5

The effect of time-dilation on Bell
experiments in the retrocausal
Brans model
Adapted from I. Sen. The effect of time-dilation on Bell experiments in the retrocausal Brans
model. Proc. Roy. Soc. A, 476(2234): 20190546, 2020.

Abstract
The possibility of using retrocausality to obtain a fundamentally relativistic account of the
Bell correlations has gained increasing recognition in recent years. It is not known, however, the
extent to which these models can make use of their relativistic properties to account for relativistic
effects on entangled systems. We consider here a hypothetical relativistic Bell experiment, where one
of the wings experiences time-dilation effects. We show that the retrocausal Brans model (Found.
Phys, 49(2), 2019) can be easily generalised to analyse this experiment, and that it predicts less
separation of eigenpackets in the wing experiencing the time-dilation. This causes the particle
distribution patterns on the photographic plates to differ between the wings – an experimentally
testable prediction of the model. We discuss the difficulties faced by other hidden variable models in
describing this experiment, and their natural resolution in our model due to its relativistic properties.
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In particular, we discuss how a ψ-epistemic interpretation may resolve several difficulties encountered
in relativistic generalisations of de Broglie-Bohm theory and objective state reduction models. Lastly,
we argue that it is not clear at present, due to technical difficulties, if our prediction is reproduced
by quantum field theory. We conclude that if it is, then the retrocausal Brans model predicts the
same result with great simplicity in comparison. If not, the model can be experimentally tested.

5.1

Introduction
While Einstein could not find a satisfactory realist account of quantum theory in his lifetime,

he managed to deliver a fatal blow to the complacency surrounding the theory’s interpretation by his
EPR argument [20, 82, 83], which gave rise in turn to Bell’s theorem [7]. The theorem proves under
certain assumptions that any realist interpretation of quantum mechanics must be nonlocal1 . One
key assumption of the theorem is that the hidden variable distribution satisfies the ‘measurementindependence’ [27, 41, 28] condition

ρ(λ|ψ, M ) = ρ(λ|ψ)

(5.1)

where the hidden variables are labelled by λ, the preparation by the quantum state ψ, and the
measurement setting by M . The assumption states that the hidden variable distribution has no
correlation with the future measurement settings. This assumption has often gone unnoticed in the
vast literature surrounding Bell’s theorem, but in the recent past has come under increasing scrutiny.
Foremost among the possible implications is violating the assumption to build a realist account of
quantum theory which satisfies locality, thereby fulfilling Einstein’s dream [3].

There are at least two physical mechanisms to violate measurement-independence. The first
is superdeterminism, a proposal mentioned by Bell [85]. In a superdeterministic model, the hidden
variable distribution and the measurement settings are statistically correlated due to past initial
conditions. Bell criticised these models as ‘conspiratorial’ [23], and they have since been widely criticised as such in the literature, barring a few exceptions [26, 44]. We give a comprehensive overview
of the various arguments related to superdeterministic models, and quantify the notion of the alleged
1 This does not mean that the theorem disproves ‘local realism’, which is a misleading expression. See ref. [84] for
a discussion.
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conspiracy, in a forthcoming paper [?].

The other physical option is retrocausality [46, 25, 15, 33, 47, 48]; that is, a model where the
future measurement setting causally affects the hidden variable state in the past. Highly counterintuitive to our ordinary sense of time and causality, such models nevertheless provide perhaps our
best bet to build a realist description of quantum theory which is fundamentally relativistic. A
recent survey [49] has pointed out the infancy of the retrocausal project: only a limited number
of quantum phenomena have been explicitly described by such models yet. One possible option to
cover more ground is to model relativistic phenomena in entangled systems. Retrocausal models are
especially well-suited to this task as they are already relativistic at the hidden variable level. This
will also answer a question of utility: can retrocausal models utilise their relativistic properties? In
this article, we answer the question in affirmative for a particular scenario involving the relativistic
effect of time-dilation on a Bell experiment. We show that the retrocausal Brans model [29] can
be easily generalised to describe this scenario, and that it predicts an experimentally testable consequence of the time-dilation effect on the system. We also discuss the difficulties faced by other
hidden variable models in describing this experiment, and their natural resolution in our model due
to its relativistic properties: locality, separability and ψ-epistemicity [17, 86, 16]. In particular, our
model suggests that several problems in proposals for relativistic generalisations of de Broglie-Bohm
theory [5, 6, 4] and objective state reduction models [87, 88, 89] may be resolved by a ψ-epistemic
interpretation. Lastly, we argue that a description of this experiment in quantum field theory is a
much more technically challenging task than in the retrocausal Brans model.

The article is structured as follows. In section 5.2 we describe our scenario and point out
why non-relativistic quantum mechanics cannot be used to describe it. We briefly recapitulate the
retrocausal Brans model in section 5.3. In section 5.4, we generalise this model and apply it to the
present scenario. We show that the model predicts a particular difference in the position distributions
between the wings due to the time-dilation effect. In section 5.5, we discuss the difficulties faced by
other hidden variable models in describing our scenario, especially focusing on ψ-ontic multi-time
models [90, 91, 92, 93], as they bear a structural similarity to the model we present in section 5.4.
We discuss our results in section 5.6. We discuss which properties of our model are instrumental in
resolution of the difficulties encountered in section 5.5, the implications for relativistic generalisations
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Figure 5.1: Schematic illustration of the experiment. The first wing (E) of the experiment is located
in a laboratory on Earth. The second wing (R) is located inside a relativistic rocket which is
initially grounded close to the laboratory. A Bell experiment is now conducted, where the SternGerlach magnets in both the laboratories are turned on simultaneously as the rocket lifts off into
orbit. The magnetic fields are switched off in both the laboratories simultaneously when the rocket
returns to the same spot. In general, the proper time elapsed in E, say labelled by ∆τe , is more
than that elapsed in R, say labelled by ∆τr . How does this affect the experimental outcomes?
of hidden variable models, and the technical difficulties in describing this experiment using quantum
field theory. We end with a comment on some of the important challenges facing the retrocausal
approach, including the problem of fine-tuning [34].

5.2

A relativistic Bell experiment
Consider a Bell experiment where the first wing is located in a laboratory on Earth, whereas

the second wing is loaded onto a rocket which can move at relativistic speeds. Both the wings are
equipped with Stern-Gerlach magnets to perform local spin measurements on their respective particles. The rocket is initially grounded on Earth adjacent to the laboratory. Suppose the spin
measurements are started (that is, the Stern Gerlach magnetic fields are turned on) on both the
laboratory and the rocket simultaneously at the instant the rocket lifts off into orbit. Let the rocket
return to the same spot after a certain time, at which instant the magnetic fields are turned off
in both the laboratory and the rocket (see Fig. 1). The question is: will there be any difference
in the experimental results between the wings? We assume that all experimental parameters are
such that the notion of a particle can still be approximately maintained in the relativistic domain.
In other words, that relativistic phenomena like Unruh effect, spin-flip transitions, Wigner rotation of spin, radiation due to acceleration of charged particles etc., do not significantly affect the
system. In particular, the acceleration of the rocket is assumed to be sufficiently gentle. This is
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Figure 5.2: Schematic illustration of an alternative version of the experiment in a cylindrical flat
space-time. The position axis is wrapped around the surface of the cylinder, the time axis is vertical.
A Bell experiment is conducted on two entangled spin-1/2 particles which travel along different
world-lines (depicted in blue and red) that start off, and end, at common endpoints. Although
neither of the particles are accelerated, the proper time durations elapsed along the world-lines are
different due to the cylindrical geometry of space-time.
not a fundamental limitation, however, as one can also consider an alternative version of the experiment which removes the play of acceleration altogether by using a cylindrical space-time (see Fig. 2).

Let us attempt to describe the experiment using non-relativistic quantum mechanics. Say
the spin measurement σ̂r is conducted inside the rocket, and that σ̂e 2 is conducted in the laboratory
on Earth. Consider a von-Neumann measurement, where the interaction Hamiltonian3 is of the
form ĤI = g p̂ ⊗ σ̂z . Here g is a constant proportional to the strength of interaction. The total
Hamiltonian of the system in non-relativistic quantum mechanics will then be

Ĥ =



p̂2r
p̂2
⊗ Iˆ ⊗ Iˆ ⊗ Iˆ + g p̂r ⊗ σ̂r ⊗ Iˆ ⊗ Iˆ + Iˆ ⊗ Iˆ ⊗ e ⊗ Iˆ + g Iˆ ⊗ Iˆ ⊗ p̂e ⊗ σ̂e
2m
2m

(5.2)

However, we know that this form of the Hamiltonian is an approximation valid only when
the momenta pe and pr are very small compared to mc, where c is the speed of light in vacuum. This
is not possible in any single frame of reference in which we choose to compute the total Hamiltonian.
But we are restricted to a single frame as the total system is described by a joint quantum state.
Therefore, non-relativistic quantum mechanics cannot be applied to this experiment. However, we
2 σ̂ ≡ σ̂ · r̂
r
3 One may

and σ̂e ≡ σ̂ · ê
also consider the Stern-Gerlach interaction Hamiltonian ĤI = µ(Bo + B1 ẑ)σ̂z . Since this does not
lead to any additional physical insight, but makes the calculations longer, we stick to the von-Neumann interaction
Hamiltonian. See section 5.4.2 for more details.
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will see that the retrocausal Brans model, which gives a local and separable explanation of the Bell
correlations in the non-relativistic limit, can be easily generalised to describe this experiment. In
the next section, we briefly recapitulate this model.

5.3

The retrocausal Brans model
The model begins by positing that the information about the future measurement settings,

say labelled by σ̂r and σ̂e , is made available to the particles at the preparation source in the past, by
an as yet not understood ‘retrocausal mechanism’. This causes the particles to be prepared in one
of the eigenstates of the future measurement settings. That is, the pairs of particles are prepared in
one of these joint spin states: |+ir ⊗ |+ie , |+ir ⊗ |−ie , |−ir ⊗ |+ie , |−ir ⊗ |−ie , where |iir(e) is an
eigenstate of σ̂r(e) , i ∈ {+, −}.

Each particle is described in the model by an ontic quantum state of the form χ(~x, t)|ii,
where χ(~x, t) is a single particle 3-space wavepacket and |ii is an eigenstate of the future measurement
setting. The pair of particles is described by the initial joint ontic quantum state h~xr |h~xe |ψo (0)i =
χr (~xr , 0)|i1 ir ⊗ χe (~xe , 0)|i2 ie . We term the preparation-determined quantum state h~xr |h~xe |ψe (0)i =
χr (~xr , 0)χe (~xe , 0)|ψsinglet i as the epistemic quantum state. Both the joint ontic quantum state

with two single particle 3-space wavepackets χr (~xr , t) and χe (~xe , t) and the epistemic quantum

state with a single configuration space wavepacket χre (~xr , ~xe , t) in general evolve via the multiparticle Schrodinger equation in the model.

The model next posits that each particle has a definite position at all times, with velocity
given by a de Broglie-Bohm type guidance equation

~v =

~ x, t)
∇S(~
m

(5.3)

where χ(~x, t) = R(~x, t)eiS(~x,t) is the 3-space wavepacket of that particle, contained in the ontic quantum state. The trajectory of the particle (and hence the measurement outcome) is thus determined
locally by the single-particle ontic quantum state. This completes description of the ontology of the
model.
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For an ensemble of particles, we assume that the expansion of the preparation-determined
(epistemic) quantum state in the future measurement basis

|ψsinglet i = c++ |+ir |+ie + c+− |+ir |−ie + c−+ |+ir |+ie + c−− |−ir |+ie

(5.4)

determines the ensemble-proportions |c++ |2 , |c+− |2 , |c−+ |2 , |c−− |2 of the initial joint ontic quantum
states χr (~xr , 0)|+ir ⊗χe (~xe , 0)|+ie , χr (~xr , 0)|+ir ⊗χe (~xe , 0)|−ie , χr (~xr , 0)|−ir ⊗χe (~xe , 0)|+ie , χr (~xr , 0)|−ir ⊗
χe (~xe , 0)|−ie respectively. It can be shown that these proportions remain constant in time [29]. Secondly, we assume that the distribution of positions over the ensemble is given by

ρ(~xr , ~xe , t) =

X

|ci1 i2 |2 ρi1 i2 (~xr , ~xe , t)

(5.5)

i1 ,i2

where ρi1 i2 (~xr , ~xe , 0) = |χr (~xr , 0)|2 |χe (~xe , 0)|2 ∀ i1 , i2 and ρi1 i2 (~xr , ~xe , t) is determined by the continuity equation implied by the time evolution of the joint ontic quantum state χr (~xr , 0)|i1 ir ⊗
χe (~xe , 0)|i2 ie via the multi-particle Schrodinger equation. Given these assumptions, the model correctly reproduces the Bell correlations [29]. In the next section, we apply this model to the relativistic
case considered in this paper by an appropriate generalisation.

5.4

Description of the experiment in the model

5.4.1

Generalisation of the model to the relativistic case
The key features of the model which allow for a relativistic generalisation are separability

and locality. Each particle has a separate hidden variable of the form (~x(t), χ(~x, t)|ii). The position ~x(t) evolves locally via equation (5.3). The joint ontic quantum state of both the particles
χr (~xr , t)|i1 ir ⊗ χe (~xe , t)|i2 ie evolves via the multi-particle Schrodinger equation. Since the non
relativistic Hamiltonian equation (5.2) is separable, the individual ontic quantum states evolve
locally.

It has been assumed that the time parameter t is common to both the particles. However,
this is an approximation valid only at the non-relativistic limit. In the relativistic case, we replace
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the common time parameter t by the proper times at the wings. That is, the hidden variable state of
the particle in the rocket will be (~x(τr ), χ(~x, τr )|i1 ir ), and that of the particle in the Earth laboratory
will be (~x(τe ), χ(~x, τe )|i2 ie ). Since the time parameters are different in both the wings, it is clear
that the total non-relativistic Hamiltonian, given by eqn. (5.2), cannot be used to evolve the joint
ontic quantum state of the particles χ(~xr , τr )|i1 ir ⊗ χ(~xe , τe )|i2 ie . However, we note that the total
2

p̂
Hamiltonian is separable, and is of the form ( 2m
⊗ Iˆ + g p̂ ⊗ σ̂) at each wing. This form of the

local Hamiltonian at each wing is applicable even in the relativistic case since the relative speed of
the particle with respect to the Stern-Gerlach apparatus remains small at each wing (though the
speed of the other particle is large with respect to that wing). Therefore, it is natural to posit that
the ontic quantum state of each particle evolves via a single-particle Schrodinger equation which
contains the local Hamiltonian describing that particular wing. That is,

p̂2r
∂χr (~xr , τr )|i1 ir
⊗ Iˆ + g p̂r ⊗ σ̂r χr (~xr , τr )|i1 ir = i
2m
∂τr
2

p̂e
∂χe (~xe , τe )|i2 ie
⊗ Iˆ + g p̂e ⊗ σ̂e χe (~xe , τe )|i2 ie = i
2m
∂τe

(5.6)
(5.7)

Similarly, we modify the guidance equation (5.3) to

~v =

~ x, τ )
∇S(~
m

(5.8)

where χ(~x, τ ) = R(~x, τ )eiS(~x,τ ) is the 3-space wavepacket of the particle, contained in the ontic
quantum state4 .

In the non-relativistic case, the ensemble proportions of the ontic quantum states at any time
t were given by decomposition of the prepared quantum state at that time in the future measurement
basis. For the relativistic case, we generalise the usual quantum state to a multi-time quantum state
|ψ(τe , τr )i parametrised by the proper times at both the wings. Multi-time quantum states were
originally introduced in the early days of relativistic quantum mechanics [94, 95, 96]. They were also
discussed by Bell [90] in the context of the GRW objective state reduction model, and continue to be
discussed by multiple authors [91, 97, 98, 92], especially in proposals for a fundamentally relativistic

2
~
~ · R2 ( ∇S
speaking, equations (5.6) and (5.7) imply continuity equations of the form ∂R
+∇
+ gŝ) = 0,
∂t
m
where ŝ is along the direction of spin-measurement. This implies that the exact guidance equation should be of the
~
form ~v = ∇S
+ gŝ for this particular Hamiltonian. We ignore this inessential detail for the purposes of this article.
m
4 Strictly
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a)

b)

Figure 5.3: Schematic illustration of the difference in position distributions between the wings. Part
a) shows the photographic plate in the Earth laboratory, and part b) shows the photographic plate
in the rocket after the measurements are over. Here ∆τe and ∆τr are the proper times elapsed on
the Earth laboratory and the rocket respectively between the lift-off and return of the rocket.
version of the de Broglie-Bohm theory. For our model, we posit, analogous to the non-relativistic
case, that the decomposition of |ψ(τe , τr )i in the future measurement basis at any particular pair
of proper times (τe , τr ) determines the ensemble proportions of the ontic quantum states at that
(τe , τr ). Therefore, the role of the multi-time quantum state in our model is at all times purely
statistical. We posit that the evolution of this multi-time quantum state is given by

p̂2r
∂|ψ(τe , τr )i
⊗ Iˆ ⊗ Iˆ ⊗ Iˆ + g p̂r ⊗ σ̂r ⊗ Iˆ ⊗ Iˆ |ψ(τe , τr )i = i
2m
∂τr
2

∂|ψ(τ
p̂
e , τr )i
Iˆ ⊗ Iˆ ⊗ e ⊗ Iˆ + Iˆ ⊗ Iˆ ⊗ g p̂e ⊗ σ̂e |ψ(τe , τr )i = i
2m
∂τe

(5.9)
(5.10)

Note that both the equations refer to different reference frames. We also assume, as before, that the
initial position distribution for an ensemble of particles on the rocket (Earth laboratory) is given

by |χr (~xr , 0)|2 |χe (~xe , 0)|2 . This distribution evolves via the continuity equation implied by the

Schrodinger evolution of the ontic quantum state via equation (5.6) (5.7) . The model can now be
applied to the experiment.

5.4.2

Description of the experiment
The starting point of our investigation is the pair of equations (5.6) and (5.7). Let the

constant g, which determines the strength of interaction at both the wings, be large enough such
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that the kinetic energy term

p2
2m

is negligible in comparison. In that case, the equations reduce to

∂χr (~xr , τr )|i1 ir
∂τr
∂χe (~xe , τe )|i2 ie
g p̂e ⊗ σ̂e χe (~xe , τe )|i2 ie = i
∂τe

g p̂r ⊗ σ̂r χr (~xr , τr )|i1 ir = i

(5.11)
(5.12)

These equations can be solved to give

χr (~xr , τr )|i1 ir = χr (~xr − i1 gτr r̂, 0)|i1 ir

(5.13)

χe (~xe , τe )|i2 ie = χe (~xe − i2 gτe ê, 0)|i2 ie

(5.14)

Thus, similar to the non-relativistic case, the wavepackets separate in physical space depending upon
the ontic spin states. The only difference is that the rate of separation is different at both the wings,
as it depends on the proper time elapsed. Since the proper time elapsed on the rocket is lesser than
that on the Earth laboratory, the separation of the wavepackets will be lesser on the rocket. This
will reflect as difference in the particle distribution patterns on the photographic plates between the
wings (see Fig. 3).

The probabilities of the various outcomes remain to be ascertained. From equations (5.9)
and (5.10), the multi-time epistemic quantum state evolves to
ˆ ˆ

ˆ ˆ

h~xr |h~xe |ψ(τr , τe )i = h~xr |h~xe |e−igp̂r ⊗σ̂r ⊗I⊗Iτr e−igI⊗I⊗p̂e ⊗σ̂e τe |ψ(0, 0)i
X
=
ci1 ,i2 χr (~xr − i1 gτr r̂, 0)χe (~xe − i2 gτe ê, 0)|i1 ir |i2 ie

(5.15)
(5.16)

i1 ,i2

Thus, we see that the proportions of ontic quantum states remain constant, and equal to |ci1 ,i2 |2 ,
for all (τr , τe ). The Bell correlations are therefore trivially reproduced, except in the extreme case
that the wavepackets on the rocket do not sufficiently separate and therefore overlap each other,
since then the measurement will have failed to be of sufficient resolution on the rocket. The shape of
the spot on the photographic plate corresponding to the outcome |i1 ir (|i2 ie ) on the rocket (Earth
laboratory) will be given by the distribution |χr (~xr − i1 gτr r̂, 0)|2 (|χe (~xe − i2 gτe ê, 0)|2 ).

It might be pointed out that we have considered a von-Neumann measurement, which con75

sists of an impulse-like interaction (lasting for a very short period of time) between the quantum
system and the measuring apparatus. On the other hand, we assumed that this interaction lasts
for the whole duration of the rocket trip, which is inconsistent with the assumption of an impulsive
measurement. We have used the simplicity of von-Neumann measurement to bring out the central
argument of the article without going into unnecessary complications. A more realistic version of
the experiment, which is consistent with impulsive measurements, can be considered by using the
Stern-Gerlach Hamiltonian, which is of the form ĤI = µ(Bo + B1 ẑ)σ̂z . For this Hamiltonian, the
wavepackets begin separating after the magnetic field is turned off. Thus, one can modify the experiment such that the magnetic fields are turned on, for a very short duration, in both the wings
while the rocket is grounded on Earth. Further, let the distance between the particle source and the
photographic plate in both the wings be arranged such that the particles impact the photographic
plates when the rocket completes the trip5 . After the magnetic fields are turned off, the rocket lifts
off as usual. The spread of wavepackets (and the longitudinal distance travelled by the particle) will
be less on the rocket during the trip due to the time-dilation effect, which will result in different
position distributions on the photographic plates, as before.

5.5

Description in other hidden variable models
To understand the physical significance of the prediction made in the previous section, we

must consider modelling our scenario in other hidden variable models. A nonlocal model with a preferred reference frame (defining a single t variable) will, clearly, face difficulties as the non-relativistic
form of the Hamiltonians in equation (5.2) cannot be valid in any single frame. This does not mean
that nonlocal models defined on a preferred frame cannot, in principle, describe this experiment
[100, 101], but that any adequate description will probably be much more complicated than the
one presented in this article. A more interesting case to consider is a hidden variable model which
(like our model) uses a multi-time quantum state |ψ(τr , τe )i, but treats it as an ontological variable
[17, 16]. Prima facie, it might appear that the introduction of two time variables (one corresponding
to each wing) in a hidden variable model is alone sufficient to account for the time-dilation effect.
In this section, we argue that this impression is misleading.
5 This can be done because the motion of the particle through the Stern-Gerlach apparatus in a direction perpendicular to the magnetic field can be treated classically [99].
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Consider a simple model in which |ψ(τr , τe )i, with its evolution given by equations (5.9)
and (5.10), comprises the sole ontology. For this model, generalising the collapse postulate of orthodox quantum mechanics, according to which a local measurement collapses the entangled quantum
state instantaneously across the frame in which the quantum state is defined, is problematic. This
is because of two reasons. Firstly, the evolution of |ψ(τr , τe )i is defined on two different reference
frames via equations (5.9) and (5.10). It is not clear in which of these frames (or any other) the
collapse should be defined. Secondly, as the multi-time quantum state is ontological in this model,
the collapse is a nonlocal process whereby a local measurement at one wing nonlocally affects the
particle at the other wing [17]. That is, the particle at the other wing jumps from a mixed state
before the collapse to a pure state after the collapse. Since the quantum state is ontological in the
model, this is a real, physical transition. Thus, any frame in which the collapse may be defined
would constitute a preferred frame of reference where this effect is instantaneous in the joint system,
despite the cosmetic appearance of a multi-time quantum state defined on two different reference
frames. But we know that both equations (5.9) and (5.10) cannot be true in any single reference
frame. Thus, giving a clear and consistent formulation of this model in our scenario turns out to be
problematic.

The above remarks also apply to multi-time formulation [90, 93, 98] of objective state reduction models [87, 88, 89] as these models feature an ontological quantum state which suffers a
stochastically determined instantaneous collapse. An objective state reduction model with ‘flash’
ontology [93], however, can be reformulated so as to avoid instantaneous collapse of the ontic quantum state [102]. It has not been possible, as of yet, to describe interactions in such a model, and
consequently, the model fails to generate testable experimental predictions. This is because the
relevant flashes occur in the model on practicable timescales only after an interaction between the
quantum system and a macroscopic measuring apparatus. Still, it is of interest to ask if such a
reformulated objective state reduction model can adequately describe our scenario if interaction is
successfully incorporated in future. Let us, therefore, consider our scenario in this model after such
an interaction has occurred, described by a joint entangled quantum state of the singlet pair and
the photographic plates at both the wings. The probability of a flash occurring at a space-time
point (x, t) for one of the particles can then be calculated in the model by considering the linearly
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evolved multi-time quantum state on a space-time hypersurface containing the point (x, t) and the
past (with respect to the selected hypersurface) flashes. In general, this probability turns out to
depend on the specific hypersurface considered. This is problematic for a subtle but important
reason. There is a single relative frequency of flashes that actually occurs at (x, t) for an ensemble.
Although practically it is not possible, as of yet, to empirically determine this relative frequency, it
exists in principle. The natural way to conceptually reconcile this single relative frequency with the
multiple probabilities assigned by the model is to interpret these probabilities as representing different subjective information in different hypersurfaces about the flash process at (x, t). But the flash
probabilities, on the other hand, are supposed to arise from a fundamentally indeterministic process
described by the ontic quantum state. The probabilistic description does not arise out of a subjective description about this process (because the quantum state is ontic), but from the fundamental
indeterminacy of the process itself. That is, the flash probability at (x, t) is supposed to give an
objective description of this fundamentally indeterministic process occurring at (x, t). There should,
therefore, be a one-to-one correspondence between this probability at (x, t) and the space-time point
(x, t). But the model, as we discussed, does not predict any such unique quantity in our scenario.
Thus, similar to the previous model, giving a clear and consistent formulation of the reformulated
objective state reduction model is problematic for our scenario, regardless of whether interaction is
included in the future. We note that this problem does not occur in non-relativistic objective state
reduction models because they are formulated on a preferred hyperplane in space-time.

Lastly, let us consider adding particle positions to the ontology to resolve the problems
associated with instantaneous collapse. In this model, the multi-time quantum state ψ(~xr , τr ; ~xe , τe )
acts as a nonlocal guiding wave for the particle positions. To define the nonlocal velocity field
associated with this guiding wave, a preferred foliation of space-time is necessary. Several models
[103, 97] of this kind have been proposed in the literature6 . A reasonable foliation for our scenario
would be one which is locally tangent to the simultaneity surfaces at each point of the rocket’s trajectory as well as the Earth laboratory’s trajectory (the foliation, therefore, has to be curved). On
such a foliation, if it exists, the non-relativistic form of the local Hamiltonians corresponding to the
6 There are also models [91, 104, 105, 106] featuring the multi-time quantum state as a guiding wave without any
distinguished foliation. These models fail to predict any probabilities for experiments however (for a discussion of
these issues, see ref. [98, 107]). Therefore they cannot reproduce for our scenario the distribution of positions on the
photographic plates, neither the difference between these distributions across the two wings. Consequently, we do not
discuss them here.
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different wings in equations (5.9) and (5.10) will be justified. This model will correctly reproduce
the time-dilation effect on the different surfaces (‘leaves’) of the foliation. That is, if the different

leaves are parametrised by a real number s, then for any pair of proper times τr (s), τe (s) belonging
to the same leaf, the time-dilation effect will be reproduced as in Fig. 3. This is due to the fact
that the distribution of positions will be |ψ(~xr , τr (s); ~xe , τe (s))|2 on the leaves of the foliation. But

what about a pair of proper times τr (s0 ), τe (s00 ) that belong to different leaves? In this case, the
position distribution will not [91], in general, be given by |ψ(~xr , τr (s0 ); ~xe , τe (s00 ))|2 . The reason for
this is simple: the nonlocal velocity field, being foliation-dependent, preserves the |ψ(~xr , τr ; ~xe , τe )|2
distribution only on the leaves of the foliation. A different velocity field altogether is required in
order to preserve this distribution on the leaves of a different foliation.

Nevertheless, a heuristic argument [97] has been given which claims that, for such a model,
the disagreement with the |ψ(~xr , τr ; ~xe , τe )|2 distribution on hypersurfaces not belonging to the
foliation does not entail any experimental violation of the Born rule:
“...the predictions of our model are the same as those of orthodox quantum theory...
regardless of whether or not these observables refer to a common hypersurface belonging
to F [the preferred foliation]. This is because the outcomes of all quantum measurements
can ultimately be reduced to the orientations of instrument pointers, counter readings,
or the ink distribution of computer printouts, if necessary brought forward in time to a
common hypersurface in F, or even to a single common location, for which agreement is
assured.”
But a heuristic argument cannot – in principle – supervene on the mathematical fact that the model
predicts the distribution of positions to be different from |ψ(~xr , τr ; ~xe , τe )|2 on hypersurfaces not
belonging to the preferred foliation. The argument has to be mathematically formulated, including
any underlying assumptions, to show that the assertion clearly follows for the scenario considered
here. A mathematical approach to this problem has been taken in a recent work [108], which claims
to prove that a hypersurface not belonging to the preferred foliation has the correct position distribution when (but not otherwise) detectors are placed over that hypersurface7 . But since this
proof assumes, similar to the previous model, instantaneous collapse across a single preferred frame,
7 Interestingly, placing detectors over a hypersurface then, according to this proof, influences the distribution of
particles reaching that hypersurface. This appears to constitute a retrocausal influence of the detectors on the position
distribution of particles in the past.
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applying it to our scenario is problematic. Thus, this model also fails to reach a complete agreement
with the predictions made in this article.

5.6

Discussion
We considered a relativistic Bell scenario where one of the wings experiences time-dilation.

We generalised the retrocausal Brans model to describe this scenario and found that it predicted
a difference in the position distributions between the wings. We also considered the description of
our scenario in other hidden variable models. In particular, we argued that ψ-ontic models face
difficulties in adequately describing the experiment, even if a multi-time quantum state, as in our
model, is introduced.

The problems faced by the models in section 5.5 are naturally resolved in our model. The
essential difference is that the retrocausal Brans model is ψ-epistemic; that is, the multi-time quantum state represents the information experimenters have about the joint quantum system. Upon
knowing the measurement results, the experimenters update their information about which ontic
quantum state, out of the possible ones given |ψ(τr , τe )i, their particles belonged to. Thus, instantaneous collapse is not treated as a physical process, but as mere updating of the experimenters’
information, which does not require a preferred reference frame for its definition. The problem of
defining this frame consistently for our scenario, therefore, evaporates. Secondly, the ψ-epistemic
viewpoint naturally accommodates, for a ‘flash’ model, the variation of flash probability with respect to different hypersurfaces. The objective situation at a space-time point (x, t), in such a
model, is uniquely determined by the relevant ontic variables, but the subjective information about
this situation, encoded in the multi-time quantum state, may vary with the hypersurface considered. This variation reflects only the variation in the experimenters’ subjective information about
the underlying process governing the flashes at (x, t). This resolves the problem of interpreting
these probabilities in a relativistic context. Lastly, ψ(~xr , τr ; ~xe , τe ) does not act as an ontological
guiding wave in our model. The velocity field for each particle is, instead, given locally by the ontic
quantum states, which remain separable at all times, via equation (5.8). The multi-time quantum
state determines only the distribution of the ontic quantum states for an ensemble, via equation
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(5.16). The distribution of positions equals |ψ(~xr , τr ; ~xe , τe )|2 for any pair of proper times τr , τe .
Thus, the problem of reproducing the Born rule distribution for arbitrary hypersurfaces is resolved.

Our model, then, arguably suggests that the ψ-epistemic interpretation might prove to be
the missing ingredient in constructing relativistic generalisations of hidden variable theories of quantum mechanics. For example, there remains, despite several decades of research, a key problem in
the program [103, 91, 97, 107] to build a fundamentally relativistic version of the de Broglie-Bohm
theory: any working model requires a preferred foliation of space-time, which violates relativity
at the fundamental level. This results from treating the quantum state as an ontological variable,
which is problematic from a relativistic viewpoint because the quantum state can be non-separable
(entangled), and its associated velocity field, in that case, nonlocal. A ψ-epistemic interpretation
for this theory is, perhaps, not so surprising when we consider that such a solution will be closer to
de Broglie’s original idea about his pilot-wave theory being an approximation to a deeper ‘doublesolution’ theory [109, 4, 110]. In his double-solution theory (incompletely worked out), the quantum
state has an epistemic status. A ψ-epistemic interpretation for objective state reduction models, on
the other hand, implies that the probabilities, for spontaneous instantaneous collapses or flashes,
are not objective, but subjective. This solves the problem (see the previous section) of physically
interpreting the probabilities in a relativistic context, where they turn out to have a dependence
[102] on the hypersurface considered to evaluate them. It also suggests a deeper mechanism, described by the ontic variables in such a model, underlying the probabilistic description that may
turn out to be deterministic. The epistemic interpretation of the quantum state can be inferred
from the relativistic concepts of locality and separability in Einstein’s preferred version [82, 83] of
the EPR argument [20]. Taking up this approach may necessarily invoke retrocausality (or superdeterminism), given that such models naturally violate the preparation-independence assumption used
in the PBR theorem [16] to prove ψ-onticity (see the discussion, for example, in ref. [48]), as well
as the measurement-independence assumption used in Bell’s theorem to prove nonlocality (see the
Introduction).

An analysis of the experiment in the standard quantum formalism requires the application
of quantum field theory. This is needed to theoretically verify the prediction made by the retrocausal
Brans model. However, there are several challenges in using quantum field theory to describe our
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setup. Firstly, the primary ontological objects in the theory are fields [111]. Creation and annihilation operators in the theory are concerned with field excitations, and only heuristically interpreted
in terms of particles. Likewise, an interaction between two fields described by a local interaction
Hamiltonian is often heuristically interpreted as a ‘localised particle interaction’. However, a clear
notion of localised particles is required, in our scenario, to ascribe different proper times to the
two particles. Defining this notion clearly in quantum field theory has proved a challenge in itself
[112, 113, 114, 115, 116, 117, 118, 119] due to a range of issues, from relativistic considerations to
the measurement problem. Second, the theory is predominantly used to calculate amplitudes for
transitions from an initial state defined at t → −∞ to different final states defined at t → +∞. On
the other hand, the central issue here is not probabilities for various outcomes but the time-evolution
of the measurement process. Obtaining the time-dependent description of an interaction between
two fields is technically difficult in the theory because the interaction Hamiltonian is time-dependent
[111]. Third, the theory allows for the creation and annihilation of particles, so particle number is
not conserved in general [111]. In addition, the spin operator is not uniquely defined in the relativistic context [120, 121, 122, 123]. However, this is not a real problem for our setup since the
relative velocity of the particle with respect to the Stern-Gerlach apparatus is small at both wings.
These challenges have been addressed, mainly in the context of relativistic quantum information
theory, to varying degrees. Several authors [124, 125, 126, 127, 128] have described the EPR and
Bell correlations in relativistic settings using quantum field theory, but the time-evolution of the
spin measurements, which is the issue at stake here, has not been addressed. The authors of ref.
[123] propose a general formalism to describe localised massive fermions in curved space-time, which
they use in ref. [129] to give a detailed description of relativistic Stern-Gerlach measurements on a
single fermion. However, this description of the measurement process is not extended to the case
of entangled fermions. We therefore conclude that it is unclear at present, due to the aforementioned difficulties, if quantum field theory reproduces the prediction made by the retrocausal Brans
model. If it is, then the retrocausal Brans model can be said to reproduce a prediction of quantum
field theory with great simplicity. It would then suggest that a local, separable and ψ-epistemic
retrocausal hidden variable reformulation of quantum mechanics, if it exists, will have a significant
advantage in describing relativistic effects on quantum systems. Such a reformulation will also help
us in understanding how to merge the two theories of quantum mechanics and relativity. If the
prediction is not reproduced, then one can experimentally test the retrocausal Brans model by an
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experimental realisation of our scenario.

Lastly, we address a few challenges facing the retrocausal approach. From our viewpoint,
the most important problem in physically understanding these models is the lack of an explicit retrocausal mechanism. After all, how is the information about the future measurement settings made
available during the preparation event in the past? The retrocausal Brans model assumes, but does
not explain, this transfer of information backwards in time. In the absence of a convincing retrocausal
mechanism, one may posit this information to have been made available through a completely different mechanism, for example superdeterministic or even nonlocal, without changing the mathematical
structure of the model appreciably. Finding a clear answer to this question will give a physical insight
as to how retrocausality works, thereby also reducing the counter-intuitiveness of this approach. A
criticism [34] that has received significant attention in recent years [130, 131, 132, 133, 134] is that
retrocausal models (in fact, other hidden variable models as well) have to be fine-tuned in order to
reproduce the no-signalling nature of Bell correlations. Although this result is framed in the language of causal modelling and fairly recent, the underlying physical argument, that hidden-variable
models reproduce the quantum predictions for only very specific initial conditions, was arguably
appreciated by several authors (see ref. [135] and the references therein) as far back as the 1950’s, in
the context of de Broglie-Bohm theory. In the 90’s, Valentini [9] gave a natural solution to this problem by explicitly considering non-fine-tuned (“non-equilibrium”) hidden variable distributions and
proving that these distributions relax to the fine-tuned (“equilibrium”) distribution, which reproduce quantum predictions, at a coarse grained level due to the dynamics of the theory8 . He clearly
discussed the conspiratorial or fine-tuning features of equilibrium, by showing [10, 11] how statistical
locality emerges in equilibrium and is violated out of equilibrium. He subsequently extended [1] this
discussion to general nonlocal models and proposed that the fine-tuning can be understood by the
requirement of a certain ‘detailed balancing’ for nonlocal signals to average to zero. It has subsequently been shown [138] that the second-order version of de Broglie-Bohm theory does not posssess
the necessary relaxation properties. We have argued elsewhere [29] that fine-tuning for retrocausal
models may also be approached in a similar manner. That is, given the past and future boundary
conditions, the fine-tuning may naturally arise out of the dynamics for some retrocausal models but
8 This requires the assumption of no initial fine-grain structure, as in classical statistical mechanics [73, 136]. For
an alternative point of view based on typicality of initial conditions, see ref. [59]. This view has been criticised, in
our opinion quite convincingly, by Valentini [60]. For a response to the criticism, see ref. [137].
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not for others. The prime benefit of taking such an approach is that it will help us identify the
properties of retrocausal models that are important for relaxation to occur. This will rule out several primitve retrocausal models, and help develop future retrocausal models with the appropriate
relaxation characteristics. Another approach to the problem, relying on symmetry arguments to
rule out the non-fine-tuned distributions, has also been proposed [76, 139]. This approach claims
the benefit of using time-symmetry, a central motivation for pursuing retrocausality, to explain the
fine-tuning.
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[97] D. Dürr, S. Goldstein, K. Münch-Berndl, and N. Zanghı̀. Hypersurface Bohm-Dirac models.
Phys. Rev. A, 60, 1999.
[98] R. Tumulka. The unromantic pictures of quantum theory. J. Phys. A, 40, 2007.
[99] D. Bohm. Quantum theory. Courier Corporation, Chelmsford, Massachusetts, USA, 1951.

89

[100] J. S. Bell. How to teach special relativity. In Speakable and unspeakable in quantum mechanics:
Collected papers on quantum philosophy. Cambridge Univ. Press, 2004.
[101] A. Valentini. Hidden variables and the large-scale structure of spacetime. Routledge, London,
UK, 2005.
[102] V. Allori, S. Goldstein, R. Tumulka, and N. Zanghı̀. On the common structure of bohmian
mechanics and the Ghirardi–Rimini–Weber theory: Dedicated to Giancarlo Ghirardi on the
occasion of his 70th birthday. Br. J. Philos. Sci, 59, 2008.
[103] D. Bohm and B. J. Hiley. The undivided universe: An ontological interpretation of quantum
theory. Routledge, London, UK, 1993.
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[121] P. Caban and J. Rembieliński. Lorentz-covariant reduced spin density matrix and EinsteinPodolsky-Rosen–Bohm correlations. Phys. Rev. A, 72, 2005.
[122] N. Friis, R. A. Bertlmann, M. Huber, and B. C. Hiesmayr. Relativistic entanglement of two
massive particles. Phys. Rev. A, 81, 2010.
[123] M. C. Palmer, M. Takahashi, and H. F. Westman. Localized qubits in curved spacetimes.
Ann. Phys., 327, 2012.
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